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The g o a l  o f  t h i s  i n v e s t i g a t i o n  was t o  c o n t r i b u t e  t o  th e  
u n d e r s t a n d i n g  o f  s o l i d i f i c a t i o n  as i t  a f f e c t s  t h e  p e r f o r m a n c e  
and t h e  s u i t a b i l i t y  o f  p h a s e - c h a n g e  m a t e r i a l s  i n  t h e r m a l  
c o n t r o l  d e v i c e s .  A u n i d i m e n s i o n a l  m a t h e m a t i c a l  m odel  was 
e s t a b l i s h e d  f o r  t h e  s o l i d i f i c a t i o n  o f  a l i q u i d  p a r a f f i n  o f  
f i n i t e  g e o m e t r y .  The m ethod was b a s e d  on t h e  n u m e r i c a l  s o l u ­
t i o n  by c o m p u te r  o f  t h e  tw o - p h a s e  h e a t - c o n d u c t i o n  e q u a t i o n s  
w i t h  moving i n t e r f a c e  and v a r i a b l e  b o u n da ry  c o n d i t i o n s .
C o n s t a n t  p r o p e r t i e s  were  assum ed f o r  e ach  p h a s e  a l t h o u g h  t h e  
p r o p e r t i e s  v a r i e d  from one p h a s e  t o  t h e  o t h e r .  The m odel  
a ssumed t h a t  i n t e r n a l  c o n v e c t i v e  e f f e c t s  c o u ld  be n e g l e c t e d .  
S u p e r - c o o l i n g  and n u c l é a t i o n  were  a l s o  assumed t o  be  i n s i g n i f i ­
c a n t .
An e x p e r i m e n t a l  s y s t e m  was s e t  up t o  v e r i f y  t h e  t h e o r e t ­
i c a l  a n a l y s i s  and  r e s u l t s .  The s y s te m  c o n s i s t e d  o f  a  
r e c t a n g u l a r  c e l l  w hich  was f i l l e d  w i t h  a p a r a f f i n ,  n - h e x a d e c a n e  
(n-CigH^i^) .  The c e l l  i t s e l f  was c o o le d  from be low  by a c o o l ­
a n t  w h ich  was c i r c u l a t e d  by a  r e f r i g e r a t o r .  The s o l i d i f i c a ­
t i o n  p r o c e s s  was s t u d i e d  by r e a d i n g  t e m p e r a t u r e s  a t  d i f f e r e n t  
p o i n t s  i n  t h e  c e l l  by means o f  c o p p e r - c o n s t a n t an t h e rm o ­
c o u p le s  .
A c o m p a r i s o n  has  b e e n  made b e tw e e n  r e s u l t s  o b t a i n e d  from 
t h e o r e t i c a l - a n a l y s i s  c o m p u te r  s o l u t i o n s  and t h o s e  o b t a i n e d  
e x p e r i m e n t a l l y .  Good a g re e m e n t  was o b t a i n e d  b e tw ee n  t h e
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e x p e r i m e n t a l  r e s u l t s  and  t h o s e  from t h e o r y ,  a l t h o u g h  t h e  
n u m e r i c a l  r e s u l t s  o f  t h e  m a t h e m a t i c a l  model  i n d i c a t e  a  f a s t e r  
r a t e  o f  s o l i d i f i c a t i o n  t h a n  t h a t  o b s e r v e d  e x p e r i m e n t a l l y .
D a ta  f o r  c o m p a r is o n  b e tw ee n  e x p e r i m e n t a l  and t h e o r e t i c a l  
r e s u l t s  a r e  p r e s e n t e d  u n d e r  e a c h  e x p e r i m e n t a l  ru n  i n  t h e  form 
o f  t a b l e s  and g r a p h s .
i v
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INTRODUCTION
P h a s e - c h a n g e  phenomena have  r e c e i v e d  w ide  s c i e n t i f i c  
a t t e n t i o n  f o r  some t im e  and a r e  o f  s i g n i f i c a n t  i m p o r t a n c e  i n  
many t e c h n i c a l  p ro b le m s  su c h  as  s o l i d i f i c a t i o n  o f  a  b i l l e t ,  
f o r m a t i o n  o f  snow, s o l i d i f i c a t i o n  o f  an a s p h a l t  l a y e r ,  
f o r m a t i o n  o f  smog, m e l t i n g  o f  m e t a l s  and a l l o y s ,  and  g ro w th  
o f  c r y s t a l s .  However ,  i t  h a s  b e en  o n ly  i n  v e ry  r e c e n t  y e a r s  
t h a t  p h a s e - c h a n g e  m a t e r i a l s  have  b e e n  s e r i o u s l y  c o n s i d e r e d  
f o r  s p a c e c r a f t  t h e r m a l  c o n t r o l .  I n  c o n c e p t ,  su c h  m a t e r i a l s  
would  be u se d  i n  p a s s i v e  s y s te m s  t h a t  employ t h e  p r o c e s s  o f  
m e l t i n g  o r  s o l i d i f i c a t i o n  t o  remove o r  add  t h e r m a l  e n e r g y  
f rom  o r  t o  a  s y s t e m .  With t h e  a d v e n t  o f  s p a c e c r a f t  a p p l i c a ­
t i o n s  and s p a c e  t r a v e l ,  t h e  t e c h n o l o g y  o f  p h a s e - c h a n g e  
phenomena i s  g e t t i n g  renew ed  s c i e n t i f i c  a t t e n t i o n .
P r e s e n t l y ,  s p a c e  v e h i c l e s  l o s e  h e a t  t o  t h e  e n v i r o n ­
m e n t a l  vacuum o f  s p a c e  m a in ly  by r a d i a t i o n .  T h i s  may be an 
i n e f f i c i e n t  method o f  t h e r m a l  c o n t r o l  d u r i n g  h i g h - e n e r g y  
d i s s i p a t i o n  p e r i o d s ,  e v en  i f  " h e a t - p i p e s "  o r  o t h e r  im p ro v e d  
h e a t  t r a n s f e r  s y s t e m s  a r e  em p lo yed .  S i m i l a r l y ,  t e m p e r a t u r e -  
c o n t r o l  s y s te m s  b a s e d  on l i q u i d - v a p o r  p h a s e  change  may be 
i n e f f i c i e n t ,  b e s i d e s  i n v o l v i n g  s o p h i s t i c a t e d  i r r e v e r s i b l e  
f l u i d  loo p  c i r c u i t s .  Sys tem s  b a s e d  on s o l i d - l i q u i d  p h a se  
change  h ave  many a d v a n t a g e s  which  make them ve ry  u s e f u l  f o r  
c e r t a i n  a p p l i c a t i o n s .  They a r e  l i g h t ,  e a s y  t o  h a n d l e ,  and
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e a s i l y  u s e d  as  w a l l - l i n i n g  e l e m e n t s  a ro u n d  e l e c t r o n i c  e q u i p ­
m e n t .  M o re o v e r ,  t h e y  a r e  e s s e n t i a l l y  p a s s i v e .  One d i s a d ­
v a n ta g e  t h a t  s o l i d - l i q u i d  p h a se  change  m a t e r i a l s  h av e  when 
compared  t o  t h e  l i q u i d - v a p o r  p h a s e  change  m a t e r i a l s  i s  t h a t  th e
f o r m e r  have  lo w e r  h e a t - e l i m i n a t i o n  c a p a c i t i e s .  F u s i b l e  
m a t e r i a l s  can be  u s e d  t o  s t o r e  t h e  e n e r g y  e v o lv e d  d u r i n g  
h i g h - d e n s i t y  d i s s i p a t i o n  p e r i o d s .  The s t o r e d  e n e rg y  can t h e n  
be  r e l e a s e d  c o n t i n u o u s l y  i n t o  s p a c e  o r  t o  t h e  s y s te m  d u r i n g  
l o w - t e m p e r a t u r e  c o n d i t i o n s .  T h i s  c y c l e  i s  p e r t i n e n t  i n  th e  
c a s e  o f  s p a c e  v e h i c l e s  moving i n  e x t r e m e s  o f  t e m p e r a t u r e  
f rom t h e  e a r t h  i n t o  s p a c e  and f rom  s p a c e  t o  e a r t h  d u r i n g  
r e - e n t r y .
The p r e s e n t  s o l i d i f i c a t i o n  r e s e a r c h  p ro g ra m  was m a in ly  
d e v o t e d  t o  s t u d y  o f  o n e - d i m e n s i o n a l  s y s te m s  w i t h  t i m e -  
d e p e n d e n t  b o u n d a ry  c o n d i t i o n s .  I t  m us t  b e  e m p h a s iz e d  t h a t  
t h e . p r i n c i p a l  g o a l  was n o t  t h e  s t u d y  o f  t h e  p e r f o r m a n c e  o f  
f u s i b l e  m a t e r i a l s  as  a c t u a l  p h a s e - c h a n g e  t e m p e r a t u r e  con­
t r o l l e r s ,  b u t  t h e  d e v e lo p m e n t  o f  a  r e a s o n a b l y  a c c u r a t e ,  
s i m p l i f i e d  model  f o r  t h e  s o l i d i f i c a t i o n  o f  a f u s i b l e  m a t e r i a l  
o f  f i n i t e  r e c t a n g u l a r  d i m e n s i o n s  u n d e r  v a r i a b l e  b o u n d a ry  
c o n d i t i o n s  as  would  be t h e  l i k e l y  s i t u a t i o n  i n  an a c t u a l  
t h e r m a l  c o n t r o l l e r .
A l tho u gh  f rom t h e  t h e o r e t i c a l  s t a n d p o i n t  a lm o s t  any 
m a t e r i a l  would  p e r f o r m  e q u a l l y  s a t i s f a c t o r i l y ,  i t  was p r e ­
f e r r e d  t o  s e l e c t  t h e  f u s i b l e  m a t e r i a l  from t h o s e  g e n e r a l l y  
a c c e p t e d  i n  c u r r e n t  t h e r m a l - c o n t r o l  r e s e a r c h .  Normal 
p a r a f f i n s  w i t h  even  numbers o f  c a r b o n  a toms a r e  t h o s e
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m a t e r i a l s  m ost  w i d e l y  u se d  b e c a u s e  t h e y  s a t i s f y  m ost  o f  t h e  
r e q u i r e m e n t s  o f  a c c e p t a b l e  p h a s e - c h a n g e  m a t e r i a l s .  They have  
m e l t i n g  o r  s o l i d i f i c a t i o n  p o i n t s  c l o s e  t o  t h e  a c c e p t a b l e  
r a n g e  f o r  th e  d e s i g n  m e d ia  o f  e l e c t r o n i c  e q u i p m e n t ,  40°F t o  
150®F, w i t h  p h a s e - t r a n s i t i o n  e n t h a l p y  ch an g e s  h i g h e r  t h a n  o r ,  
a t  l e a s t ,  e q u a l  t o  100 B tu  p e r  pound .  They a r e  a l s o  n o n -  
c o r r o s i v e ,  n o n - t o x i c ,  c h e m i c a l l y  i n e r t  and  s t a b l e ,  a s  w e l l  
as  h a v i n g  low v a p o r  p r e s s u r e s ,  s m a l l  volume c h a n g e s ,  and 
n e g l i g i b l e  s u b - c o o l i n g .  I n  t h e  p r e s e n t  r e s e a r c h  p r o g r a m ,  
n - h e x a d e c a n e  (n-C^^H^^) was t h e  m a t e r i a l  s t u d i e d .
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LITERATURE SURVEY
Much t h e o r e t i c a l  work h a s  b e e n  done i n  t h e  l i t e r a t u r e  
on p ro b le m s  which  a r e  d i r e c t l y  o r  i n d i r e c t l y  r e l a t e d  t o  
p h y s i c a l  change o f  s t a t e .  The b a s i c  f e a t u r e  o f  su c i i  p ro b lem s  
o f  change  o f  s t a t e  i s  t h e  e x i s t e n c e  o f  a  moving b o u n d a r y  o r  
s u r f a c e  b e tw ee n  p h a s e s .  T h e r e f o r e ,  t h e  p ro b le m  t h a t  i s  most  
o f t e n  c o n s i d e r e d  i s  how t o  d e t e r m i n e  t h e  way i n  w h ic h  t h i s  
s u r f a c e  o r  b o u n d a ry  moves .  H e a t  may be l i b e r a t e d  o r  a b s o r b e d  
on th e  s u r f a c e ;  t h e r e  may be  volume change acc o m p a n y in g  th e  
change  o f  s t a t e ,  and  t h e  t h e r m a l  p r o p e r t i e s  o f  t h e  p h a s e s  on 
e i t h e r  s i d e  o f  t h e  i n t e r f a c e  may be d i f f e r e n t  f o r  t h e  p h a s e s  
and may v a ry  as t h e  change  o f  s t a t e  p r o c e e d s .  T h e r e f o r e ,  t h e  
p ro b le m  i s  e s s e n t i a l l y  n o n - l i n e a r  i n  n a t u r e  and g e n e r a l  
a n a l y t i c a l  s o l u t i o n s  f o r  i t  may be  w a n t i n g .  Some e x a c t  
s o l u t i o n s  f o r  m odels  t h a t  m a t h e m a t i c a l l y  a p p r o x i m a t e  t h e  
r e a l  p ro b le m s  have  b e e n  o b t a i n e d ,  m o s t ly  f o r  i n f i n i t e  o r  
s e m i - i n f i n i t e  g e o m e t r y .
C a rs law  and J a e g e r ^ w h o  were  among t h e  f i r s t  t o  g i v e  
i n - d e p t h  t r e a t m e n t  o f  m e l t i n g  and s o l i d i f i c a t i o n  p r o b l e m s ,  
comment on th e  n e e d  f o r  n u m e r i c a l  m ethods  f o r  s o l v i n g  su ch  
o t h e r  more complex p ro b le m s  t h a t  a r i s e  as f i n i t e  s l a b s ,  
c y l i n d e r s ,  s p h e r e s ,  and o t h e r  f i n i t e  g e o m e t r i c  c o n f i g u r a t i o n s ,  
C a r s l a w  and J a e g e r  make no a t t e m p t  t o  g i v e  any e x a c t  s o l u ­
t i o n s  f o r  t h e  p h a se  change  p ro b le m  when f i n i t e  g e o m e t r i e s  a r e  
i n v o l v e d .  However ,  t h e y  do g i v e  a s e r i e s  s o l u t i o n  f o r  t h e
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o r d i n a r y  t r a n s i e n t  h e a t - t r a n s f e r  p ro b lem  w i t h  no p h a s e  change 
T h i s  i s  p a r t i c u l a r l y  u s e f u l  i n  d e t e r m i n i n g  th e  t e m p e r a t u r e  
p r o f i l e  o f  a s u b s t a n c e ,  which  i s  s u b j e c t e d  t o  h e a t  c h a n g e ,  
f o r  t h e  i n t e r v a l  b e g i n n i n g  w i t h  t h e  i n i t i a t i o n  o f  t h e  h e a t  
change and e n d in g  w i t h  t h e  i n i t i a t i o n  o f  change o f  s t a t e .  
A n o th e r  good q u a l i t y  o f  t h e  s e r i e s  s o l u t i o n  t h a t  t h e y  g i v e  
i s  t h a t  i t  t a k e s  i n t o  a c c o u n t  t i m e - d e p e n d e n t  i n i t i a l  and 
b o u n d a ry  c o n d i t i o n s .
Many o f  t h e  s o l u t i o n s  p r e s e n t e d  i n  t h e  l i t e r a t u r e  con­
c e r n i n g  p h a se  change  p ro b le m s  a r e  v a l i d  o n ly  i f  t h e  m a t e r i a l  
u n d e r  s t u d y  i s  i n i t i a l l y  a t  i t s  e q u i l i b r i u m  t e m p e r a t u r e  f o r  
change o f  s t a t e .  These  s o l u t i o n s  i g n o r e  t h e  m o r e - f r e q u e n t l y -  
e n c o u n t e r e d  c a se  i n  w h ich  th e  m a t e r i a l  u n d e r  s t u d y  may be  
i n i t i a l l y  a t  a t e m p e r a t u r e ,  s a y  room t e m p e r a t u r e ,  t h a t  i s  
q u i t e  d i f f e r e n t  from i t s  e q u i l i b r i u m  p h a s e - c h a n g e  t e m p e r a t u r e  
and may h ave  t o  be b r o u g h t  t o  t h i s  e q u i l i b r i u m  t e m p e r a t u r e  
f rom i t s  i n i t i a l  t e m p e r a t u r e  by some h e a t  i n p u t ,  w i t h d r a w a l ,
o r  g e n e r a t i o n .
( 2 )S t e f a n  was t h e  f i r s t  t o  g i v e  a p u b l i s h e d  d i s c u s s i o n  
o f  a  o n e - d i m e n s i o n a l  t r a n s i e n t  c o n d u c t i o n  p ro b le m  w i t h  p h a se  
c h a n g e ,  f o r  a s i n g l e  component  o r  e u t e c t i c  c o m p o s i t i o n  w i t h  
c o n s t a n t  p r o p e r t i e s .  T h u s ,  t h e  t e rm  " S t e f a n ' s  P rob lem "  came 
t o  be  u s e d  t o  d e s c r i b e  a o n e - d i m e n s i o n a l  c o n d u c t i o n  p r o b le m  
i n  w h ich  a s e m i - i n f i n i t e  s l a b  i n i t i a l l y  a t  a c o n s t a n t  
t e m p e r a t u r e ,  T ^ ,  h a s  one f a c e  m a i n t a i n e d  a t  z e r o  t e m p e r a t u r e  
f o r  t im e  g r e a t e r  t h a n  z e r o .  F o r  t h e  s o l u t i o n  t o  t h e  p ro b lem
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t o  s a t i s f y  t h e  c o n d i t i o n s  f o r  a l l  t i m e s ,  t h e  i n t e r f a c e  p o s i ­
t i o n  as  a  f u n c t i o n  o f  t im e  h a s  t o  be p r o p o r t i o n a l  t o  t h e  
s q u a r e  r o o t  o f  t h e  p r o d u c t  o f  t im e  and t h e  t h e r m a l  d i f f u s i v -  
i t y  o f  t h e  m a t e r i a l  o f  t h e  s l a b .
( Q )
S a i t o  c o n s i d e r e d  th e  p ro b le m  o f  a s e m i - i n f i n i t e  
s o l i d  i n  c o n t a c t  w i t h  a  s e m i - i n f i n i t e  l i q u i d .  The r e s u l t a n t  
s o l i d i f i e d  l i q u i d  was r e g a r d e d  as h a v i n g  d i f f e r e n t  p r o p e r t i e s  
f rom  t h e  i n i t i a l  s o l i d ,  S a i t o  t r i e d  t o  i n c o r p o r a t e  t h e  l a t e n t  
h e a t  as  s u p e r h e a t .  H is  r e s u l t s  d i s a g r e e d  w i t h  l a t e r  w o rk s .  
P e k e r i s  and S l i c h t e r ^ ^ ^  o b t a i n e d  a s e r i e s  s o l u t i o n  f o r  t h e
s o l i d i f i c a t i o n  o f  i c e  on an i n f i n i t e l y  l o n g  c y l i n d e r .
( 5 )D anckw er ts  p r e s e n t e d  a  s y s te m  o f  e q u a t i o n s  i n  t e rm s  
o f  a r b i t r a r y  i n i t i a l  and  b o u n d a ry  c o n d i t i o n s  f o r  t h e  t e m p e r a ­
t u r e  d i s t r i b u t i o n  i n  a s e m i - i n f i n i t e  s o l i d .  The e q u a t i o n s  
w ere  s o l v e d  by t r i a l  and e r r o r .  B o o th ^ ^ ^ ,  l i k e  D a n c k w e r t s ,  
was more c o n c e r n e d  w i t h  mass t r a n s f e r  p r o b l e m s ,  and th e  
t a r n i s h i n g  r e a c t i o n  i n  p a r t i c u l a r .  He a p p r o x i m a t e d  t h e  p o s i ­
t i o n  o f  t h e  moving b o u n d a ry  by an i n f i n i t e  power s e r i e s .
( 7 )K r e i t h  and Romie ' p r e s e n t e d  s o l u t i o n s  w hich  a p p l i e d  t o  
e i t h e r  s o l i d i f i c a t i o n  o r  m e l t i n g  and w h ich  gave  t h e  p o s i t i o n  
o f  t h e  p h a s e  f r o n t  and t h e  t e m p e r a t u r e  p r o f i l e  f o r  a s p h e r e ,  
c y l i n d e r  o r  s e m i - i n f i n i t e  s o l i d  i n i t i a l l y  a t  t h e  f u s i o n  
t e m p e r a t u r e .  They assumed c o n s t a n t  t e m p e r a t u r e  g r a d i e n t  and 
v e l o c i t y  a t  th e  i n t e r f a c e .  The t e m p e r a t u r e  was d e t e r m i n e d  
i n  a d i m e n s i o n l e s s  s e r i e s  form by a method o f  i t e r a t i v e  
a p p r o x i m a t i o n s .  The a s s u m p t io n  o f  c o n s t a n t  v e l o c i t y  was
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v a l i d  o n ly  a t  t h e  e a r l y  s t a g e s  o f  s o l i d i f i c a t i o n .
C h a m b r e ^ gave a c o m p le te  s o l u t i o n  f o r  a  P r a n d t l  
number  e q u a l  t o  one f o r  t h e  g ro w th  o f  a  s o l i d  s t a r t i n g  from 
n e g l i g i b l e  i n i t i a l  d im e n s io n s  w i t h  a p l a n e ,  c y l i n d r i c a l  o r  
s p h e r i c a l  b o u n d a r y .  C o n v e c t io n  i n  t h e  f l u i d  was a t t r i b u t e d  
t o  t h e  u n e q u a l  b u t  assumed c o n s t a n t  d e n s i t i e s  i n  t h e  two 
p h a s e s  and  was s t u d i e d  w i t h  t h e  i n c o m p r e s s i b l e  N a v i e r - S t o k e s  
e q u a t i o n .  An o r d i n a r y  d i f f e r e n t i a l  e q u a t i o n  w hich  i s  a 
f u n c t i o n  o f  t h e  q u a d r a t u r e  o f  t im e  was o b t a i n e d  f o r  t h e  
s o l i d i f i c a t i o n  v e l o c i t y  and i t  was o n ly  p a r t i a l l y  s o l v e d .
Chao and  W e i n e r ^ i n v e s t i g a t e d  t h e  t e m p e r a t u r e  i n  a 
s o l i d  and  l i q u i d  w h i l e  t h e  l i q u i d  was b e i n g  p o u r e d .  The 
l a t e n t  h e a t  was t r e a t e d  as  a  " p s e u d o ” s p e c i f i c  h e a t  and th e .  
s o l u t i o n ,  o b t a i n e d  by a L a p l a c e  t r a n s f o r m  t e c h n i q u e  was an 
i n t e g r a l  t h a t  was s o l v e d  n u m e r i c a l l y .
.Many a u t h o r s  have  a p p l i e d  t h e  v a r i a t i o n a l  t e c h n i q u e  t o  
h e a t  c o n d u c t i o n .  The O n s a g e r  t h e o r e m ^ w h i c h  was a 
r e c i p r o c i t y  law o f  c o u p le d  phenom ena ,  p e r m i t t e d  c e r t a i n  
i r r e v e r s i b l e  p r o c e s s e s  t o  be e x p r e s s e d  i n  t e rm s  o f  a  v a r i ­
a t i o n a l  p r i n c i p l e .  C h a m b e r s w a s  t h e  f i r s t  t o  show t h e
a p p l i c a b i l i t y  o f  t h e  v a r i a t i o n a l  t e c h n i q u e  t o  h e a t  c o n d u c t io n ,
C12 )B i o t  and D aughaday '  u s e d  t h e  v a r i a t i o n a l  t e c h n i q u e  t o  
s t u d y  h e a t  c o n d u c t i o n  i n  a m e l t i n g  s e m i - i n f i n i t e  s o l i d  w i t h  
c o n s t a n t  p r o p e r t i e s .  The h e a t  i n p u t  was assum ed t o  be con­
s t a n t  and  t h e  p ro b lem  t r e a t e d  was an a b l a t i o n  p ro b le m  i n  
w h ic h  t h e  m e l t  was removed as  i t  was fo rm ed .  I t  i s  c h a r a c ­
t e r i s t i c  o f  " r e - e n t r y "  p ro b le m s  c a u s e d  by a e ro d y n a m ic  h e a t i n g
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i n  h y p e r s o n i c  m i s s i l e  f l i g h t  su c h  as  o c c u r s  d u r i n g  t h e  r e ­
e n t r y  o f  a  s p a c e  v e h i c l e  i n t o  t h e  e a r t h ' s  a t m o s p h e r e .
The h e a t - b a l a n c e  i n t e g r a l  t e c h n i q u e ,  an  a n a l y t i c a l  
m ethod  t h a t  g i v e s  a p p ro x im a te  s o l u t i o n s  t o  a  wide  v a r i e t y  o f  
h e a t  t r a n s f e r  p r o b l e m s ,  i s  u s e d  i n  many p a p e r s  i n  t h e  l i t e r a ­
t u r e .  I t  i s  m o s t ly  u s e d  f o r  n o n - l i n e a r  p r o b le m s  t h a t  m ust  
be s o l v e d  e i t h e r  n u m e r i c a l l y  o r  a p p r o x i m a t e l y .  I t s  b i g  
a d v a n t a g e  i s  t h a t  i t  chan g es  t h e  e n e r g y  e q u a t i o n  from a
p a r t i a l  d i f f e r e n t i a l  e q u a t i o n  t o  an o r d i n a r y  d i f f e r e n t i a l
C13)e q u a t i o n .  T h is  m ethod  as  f o r m u l a t e d  by Goodman i s  
d e p e n d e n t  upon th e  d e f i n i t i o n  o f  a  t h e r m a l  l a y e r ,  w h ich  i s  
a n a lo g o u s  t o  t h e  hy d ro d y n am ic  bo u nd a ry  l a y e r  i n  f l u i d  f lo w .
I t  assum es  t h a t ,  b eyond  th e  t h e r m a l  l a y e r ,  t h e r e  i s  t e m p e r a ­
t u r e  e q u i l i b r i u m  and no h e a t  t r a n s f e r .  One d i s a d v a n t a g e  o f  
t h i s  m ethod  i s  t h a t  t h e  h e a t  c o n d u c t i o n  e q u a t i o n  i s  s a t i s f i e d
o n ly  on t h e  a v e r a g e  and  t h i s  a v e r a g e  e q u a t i o n  i s  a n a lo g o u s
C l4  )t o  t h e  von Karman and P o h l h a u s e n  momentum i n t e g r a l
e q u a t i o n s  f o r  b o u n d a r y - l a y e r  t h e o r y .  U s u a l l y ,  a g e n e r a l
p o l y n o m i a l  form o f  t h e  t e m p e r a t u r e  p r o f i l e  i s  assumed and
s u b s t i t u t e d  i n t o  t h e  g o v e r n i n g  e q u a t i o n  o f  t h e  h e a t  t r a n s f e r
p r o b l e m ,  w hich  i s  i n t e g r a t e d  o v e r  t h e  t h e r m a l  l a y e r .  The
( 15 )r e s u l t  i s  a h e a t - b a l a n c e  i n t e g r a l .  Goodman and S hea  u sed  
t h i s  t e c h n i q u e  i n  e x a m in in g  th e  m e l t i n g  o f  a  f i n i t e  s l a b  
i n i t i a l l y  be low t h e  m e l t i n g  t e m p e r a t u r e ,  one f a c e  o f  w h ich  
i s  s u b j e c t e d  t o  a c o n s t a n t  h e a t  i n p u t  w h i l e  t h e  o t h e r  f a c e  
i s  i n s u l a t e d  o r  a t  a c o n s t a n t  t e m p e r a t u r e .
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F o o t s u s e d  t h e  I n t e g r a l  method t o  s t u d y  a m o v ln g -  
b o u n d a r y ,  t w o - d i m e n s i o n a l  p r o b le m  i n  which  he t r e a t e d  th e  
i n w a r d  s o l i d i f i c a t i o n  o f  a u n i f o r m  p r i s m ,  w hich  h a d  a  s q u a r e  
c r o s s - s e c t i o n  and was f i l l e d  w i t h  a l i q u i d  i n i t i a l l y  a t  t h e  
f u s i o n  t e m p e r a t u r e .  The i n t e g r a l s  were s o l v e d  by n u m e r i c a l  
m e th o d s .
I n  t h e  l i t e r a t u r e ,  t h e r e  a r e  many o t h e r  a n a l y t i c a l  
a p p r o a c h e s  and t e c h n i q u e s ,  many o f  which  a p p ly  t o  s p e c i a l  
p h a s e - c h a n g e  p ro b le m s  su c h  as  t h e  s t u d y  o f  p h a se  change  i n  
a l l o y s .  I n  a l l o y s ,  t h e  c o m p l e x i t y  o f  f i n d i n g  t h e  t e m p e r a t u r e  
d i s t r i b u t i o n  and t h e  p h a s e  f r o n t  v e l o c i t y  i s  i n c r e a s e d  by 
t h e  f a c t  t h a t  t h e  l a t e n t  h e a t  e f f e c t  no l o n g e r  o c c u r s  a t  a 
s i n g l e  t e m p e r a t u r e ,  b u t  o v e r  a  r a n g e  o f  t e m p e r a t u r e s .
W e in e r ^ ^ ^ ^ ,  R u b i n s h t e i n ^ a n d  Adams^^^^ a r e  some o f  
t h e  men who have  s t u d i e d  p h a s e  ch an g e s  i n  a l l o y s .  P e r  an 
a l l o y ,  t h e  l a t e n t  h e a t  o f  fu s io n ,  was m o s t ly  t r e a t e d  a s  an 
i n c r e a s e  i n  th e  a p p a r e n t  s p e c i f i c  h e a t  o f  t h e  m e t a l  b e tw e e n  
t h e  l i q u i d a s  and s o l i d u s  t e m p e r a t u r e s .  The c u rv e  o f  a p p a r e n t  
s p e c i f i c  h e a t  v e r s u s  t e m p e r a t u r e  was a p p r o x i m a t e d  by two 
i n t e r s e c t i n g  s t r a i g h t  l i n e s .  The t e m p e r a t u r e  c o r r e s p o n d i n g  
t o  t h e  p o i n t  o f  i n t e r s e c t i o n  was u se d  t o  d i v i d e  t h e  p h a s e  
change r e g i o n  i n t o  two zones  f o r  a n a l y s i s .
I n  o r d e r  t o  o b t a i n  s o l u t i o n s  f o r  more g e n e r a l  c a s e s  f o r  
p h a s e  change p r o b l e m s ,  n u m e r i c a l  a n a l y s i s  may be t h e  o n ly  
f e a s i b l e  t e c h n i q u e  a v a i l a b l e ,  D u s in b e r r e ^ ^ ^ ^  h a s  o u t l i n e d  an 
i t e r a t i o n  method w hich  i n v o l v e s  l a y i n g  o u t  t h e  r e g i o n  o f
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c o n d u c t i o n  i n  a g r i d  s y s te m  and c o n s i d e r i n g  t h e  c e n t e r  o f  
e ac h  g r i d  e l e m e n t  a s  a  node p o i n t .  By m aking  th e  g r i d  
e l e m e n t  s m a l l ,  o n ly  t h e  t e m p e r a t u r e s  o f  p o i n t s  a d j a c e n t  t o  
a node p o i n t  and t h e  t e m p e r a t u r e  o f  t h e  mode p o i n t  i t s e l f  
n e e d  t o  be c o n s i d e r e d  i n  c a l c u l a t i n g  t h e  change i n  t e m p e r a ­
t u r e  o f  t h e  node  p o i n t  d u r i n g  a s m a l l  t im e  i n t e r v a l .
( 2 1 )M i l l e r  u s e d  t h e  " s u r p l u s  t e m p e r a t u r e "  t e c h n i q u e  i n  
an a t t e m p t  t o  im prove  t h e  p r e d i c t i o n s  o f  t h e  p h a s e  f r o n t .  To 
a c c o u n t  f o r  t h e  h e a t  a b s o r b e d  a t  t h e  p h a s e  f r o n t  u s i n g  t h i s  
m e th o d ,  t h e  c a l c u l a t e d  t e m p e r a t u r e  was p e r m i t t e d  t o  e x c e e d  t h e  
a c t u a l  m e l t i n g  t e m p e r a t u r e  u n t i l  an a r b i t r a r i l y  s e l e c t e d  
maximum v a lu e  above th e  m e l t i n g  t e m p e r a t u r e  was r e a c h e d .
When t h i s  maximum v a lu e  was r e a c h e d ,  t h e  g r i d  e l e m e n t  con­
t a i n i n g  t h i s  p a r t i c u l a r  node p o i n t  was c o n s i d e r e d  t o  have
m e l t e d ,  and t h e  p h a s e  f r o n t  was s h i f t e d  t o  t h e  n e x t  n o d e .
( 22 )S h r l i c h  gave t h e  i m p l i c i t  f i n i t e  d i f f e r e n c e  e q u a ­
t i o n s  f o r  t h e  o n e - d i m e n s i o n a l  m e l t i n g  p ro b le m  w i t h  a v a r i a b l e  
h e a t  f l u x  o r  h e a t  i n p u t  s p e c i f i e d  as  a f u n c t i o n  o f  t i m e .
The i m p l i c i t  e q u a t i o n s  were  t h e n  p u t  i n t o  t r i d i a g o n a l  m a t r i x  
forms f o r  s o l u t i o n  by Gauss e l i m i n a t i o n  and by b ack  su b ­
s t i t u t i o n .  S p e c i a l  m o d i f i e d  e q u a t i o n s  were  g i v e n  f o r  nodes  
n e a r  t h e  f r e e z i n g  f r o n t .  I n  t h e  p r e s e n t  s t u d y ,  t h e  method 
u se d  by S h r l i c h  t o  f o r m u l a t e  f i n i t e  d i f f e r e n c e  e q u a t i o n s  t o  
be s o l v e d  i m p l i c i t l y  was u se d  t o  f i n d  t h e  g o v e r n i n g  f i n i t e  
d i f f e r e n c e  e q u a t i o n s  f o r  t h e  s o l i d i f i c a t i o n  o f  n - h e x a d e c a n e .
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(23)P u ja d o  d i d  t h e o r e t i c a l  and e x p e r i m e n t a l  s t u d i e s  on 
t h e  m e l t i n g  o f  n - o c t a d e c a n e  u n d e r  a d i a b a t i c  c o n d i t i o n s .  F o r  
t h e  t h e o r e t i c a l  m o d e l ,  he u s e d  a u n i d i m e n s i o n a l  model  and 
i g n o r e d  c o n v e c t i v e  e f f e c t s  i n  t h e  l i q u i d  p h a s e .  He d e v e lo p e d  
f i n i t e  d i f f e r e n c e  e q u a t i o n s  w h ich  were  t h e n  s o l v e d  by 
i t e r a t i v e  m e th o d s .
(24 25)The N o r th r o p  C o r p o r a t i o n  r e p o r t s  * p r e s e n t e d  a 
s u r v e y  o f  t h e  p h a se  change  p ro b le m s  i n v o l v i n g  s e l e c t i o n  o f  
t h e  p r o p e r  compounds,  e v a l u a t i o n  o f  p r o p e r t i e s ,  e x p e r i m e n t a l  
s t u d y  o f  d i f f e r e n t  t e s t  c e l l s ,  and t h e o r e t i c a l  s t u d y  by means 
o f  a  h y b r i d  s y s t e m  composed o f  a  f i n i t e - d i f f e r e n c e  e l e c t r i c  
a n a l o g  and a  d i g i t a l  c o m p u te r .  The s t u d y  was c o n c e rn e d  
p r i n c i p a l l y  w i t h  t h e r m a l  c o n t r o l  i n  s p a c e c r a f t  by means o f  
t h e  p h a s e  change  o f  f u s i b l e  m a t e r i a l s .  Some o f  t h e  p h y s i c a l  
p r o p e r t y  d a t a  g i v e n  i n  t h e  N o r t h r o p  r e p o r t s  was u s e d  i n  t h e  
p r e s e n t  s t u d y .
C o n s i d e r a t i o n s  c o n c e r n i n g  t h e  m e l t i n g - s o l i d i f i c a t i o n
p r o b le m  w ere  sum m arized  by B a n n i s t e r ^ ^ ^ ^  i n  a  NASA T e c h n i c a l
Memorandum. T h is  memorandum g i v e s  e m p h a s i s  on t h e  s t u d y  o f
n u c l é a t i o n  t h e o r y  as  a b a s i s  f o r  t h e  s t u d y  o f  s u b - c o o l i n g
phenomena i n  s o l i d i f i c a t i o n  p r o b l e m s .  A l s o ,  due t o  B a n n i s t e r  
(27)and B e n t i l l a  i s  an  i n t r o d u c t o r y  p a p e r  co m b in in g  t h e  
b a s i c  o u t l i n e s  fo u nd  i n  N o r t h r o p ' s  r e p o r t s  and  NASA t e c h ­
n i c a l  memoranda.
Sh a rm a ,  R o t e n b e r g ,  and P e n n e r^ ^ ^^  a l s o  have  s t u d i e d ,  
a n a l y t i c a l l y  p h a s e - c h a n g e  p ro b le m s  w i t h  v a r i a b l e  s u r f a c e
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t e m p e r a t u r e s .  They assumed d i f f e r e n t  t e m p e r a t u r e  p r o f i l e s  
and  assumed t h a t  p h y s i c a l  p r o p e r t i e s  were  c o n s t a n t .
One o f  th e  most  r e c e n t  p u b l i c a t i o n s  on p h a s e - c h a n g e  
phenomena i s  t h e  i n t e r i m  r e p o r t  on s p a c e  t h e r m a l  c o n t r o l  
s t u d y  which  was p r e s e n t e d  by Grodzka^^^^ o f  Lockheed M i s s i l e s  
and  Space  Company and c a r r i e d  o u t  u n d e r  NASA s p o n s o r s h i p  i n  
a  p ro g ram  d i r e c t e d  by T. C. B a n n i s t e r .  I t  i n c l u d e s  e f f e c t s  
o f  g r a v i t y ,  m a g n e t i c  and e l e c t r i c  f i e l d s ,  and c o n v e c t i v e  
c u r r e n t s  on s o l i d - l i q u i d  p h a s e  c h a n g e .  The s t u d y  p o i n t s  o u t  
t h a t  t h e  p u r e  c o n d u c t i o n  p ro b le m  w i t h  p h a s e  change i s  v a l i d  
as l o n g  as t h e  l i q u i d  p h a s e  r e m a in s  s t a b l e  and t h a t  n a t u r a l  
c o n v e c t i o n  h a s  t o  be c o n s i d e r e d  a f t e r  t h e  R a y le ig h  number 
r e a c h e s  a  c r i t i c a l  v a lu e  o f  a b o u t  1720 f o r  a l a y e r  o f  f l u i d  
e i t h e r  h e a t e d  from be low o r  c o o l e d  from a b o v e .
Many o t h e r  p a p e r s  b e s i d e s  t h o s e  a l r e a d y  m e n t io n e d  a r e  
a v a i l a b l e  on t h e  s u b j e c t  o f  p h a s e  c h an g e .  Some o f  them a r e  
o f  s p e c i a l  a n a l y t i c a l  i n t e r e s t  f o r  t h e y  a t t e m p t  t o  s o l v e  
some s p e c i a l l y  d e f i n e d  p ro b le m s  o f  p h a s e  c h a n g e .  A f u l l  
r e v i e w  o f  t h e s e  p a p e r s  can be  fo u n d  i n  many p l a c e s  i n  th e  
l i t e r a t u r e  and e s p e c i a l l y  i n  a l i t e r a t u r e  s u r v e y  p r e s e n t e d  
by M u e h lb au e r  and S u n d e r l a n d ^ o n  "H e a t  C o n d u c t io n  w i t h  
F r e e z i n g  o r  M e l t i n g . "
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THEORETICAL ANALYSIS
F o r m u l a t i o n  o f  t h e  P ro b le m
The p r o b le m  t o  be s t u d i e d  i s  t h e  s o l i d i f i c a t i o n  o f  n -  
h e x a d e c a n e  i n  a  c e l l  o f  h e i g h t  h and c o n s t a n t  c r o s s - s e c t i o n a l  
a r e a  i n  t h e  p l a n e  p e r p e n d i c u l a r  t o  t h e  a x i s  y o f  t h e  c e l l  
( F i g .  1 ) ,  The t e m p e r a t u r e  p r o f i l e  smd t h e  r a t e  o f  s o l i d i f i c a ­
t i o n  o f  h e x a d e c a n e  a r e  t o  be  d e t e r m i n e d  u s i n g  a one­
d i m e n s i o n a l  model a l o n g  t h e  y a x i s  and  a s su m in g  t h a t  u n s t e a d y  
s t a t e  c o n d i t i o n s  w i t h  r e s p e c t  t o  t im e  o b t a i n .  Note t h a t ,  f o r  
a o n e - d i m e n s i o n a l  model  a l o n g  t h e  y a x i s ,  t h e  sh a p e  o f  t h e  
c r o s s - s e c t i o n a l  a r e a  p e r p e n d i c u l a r  t o  t h e  y a x i s  o f  t h e  t e s t  
c e l l  i s  i m m a t e r i a l ,  p r o v i d e d  t h i s  c r o s s - s e c t i o n a l  a r e a  
r e m a in s  c o n s t a n t  t h r o u g h o u t  t h e  h e i g h t  h o f  t h e  c e l l .  How­
e v e r ,  i f  t h e  c r o s s - s e c t i o n a l  a r e a  v a r i e s  w i t h  y , t h e  sh ape  
o f  l o c a l  c r o s s - s e c t i o n s  must  be i n c l u d e d  i n  t h e  t h e o r e t i c a l  
a n a l y s i s  o f  t h e  p ro b le m  and two-  o r  t h r e e - d i m e n s i o n a l  models  
would  be much b e t t e r  i n  s u c h  c a s e s .  Even i n  a p ro b lem  such  
as  t h e  one t h a t  i s  b e i n g  c o n s i d e r e d  h e r e ,  i n  which  t h e  c r o s s -  
s e c t i o n a l  a r e a  o f  t h e  c e l l  r e m a in s  c o n s t a n t  f o r  a l l  h ,  a 
s o l u t i o n  b a s e d  on a  o n e - d i m e n s i o n a l  model  does  n o t  a p p r o x i ­
mate  t h e  t r u e  s o l u t i o n  as  c l o s e l y  as  a  s o l u t i o n  b a s e d  on 
tw o-  o r  t h r e e - d i m e n s i o n a l  model  d e f i n i t e l y  w ou ld .  However,  
t h e  d i f f i c u l t y  o f  s o l v i n g  t h i s  p r o b le m  h a s  d i c t a t e d  t h a t  t h e  
f i r s t  a t t e m p t s  a t  s o l v i n g  i t  be made u s i n g  t h e  s i m p l e r
13
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F i g u r e  1. A x i a l  s e c t i o n  o f  t e s t  c e l l .
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E x p a n s i o n  C h a m b e
Y =  b ,  %=_
L I Q U I D
T̂ (y,*) o r
P I e  X i g l 0  35 
W a l l
Y (t) o r  S (r)
SOLID 
Ts (Y,*)
y - Q z -  0B o t t o ijt.
P l a t e
Coolant
Coolant  In
D I A G R A M  OF  A X I A L  S E C T I O N  OF
t e s t  c e l l  s h o w i n g  i t s  c o n t e n t s
A T t  >  t *  or  or  2 ' =  ~  > 0
T 1 2 8 9  16
o n e - d i m e n s i o n a l  m o d e l .  L a t e r  s t u d i e s  may t h e n  be  made u s i n g  
t h e  more a c c u r a t e  two- o r  t h r e e - d i m e n s i o n a l  model  and 
s t a r t i n g  o f f  f rom t h e  v a l u a b l e  i n f o r m a t i o n  which  t h i s  one­
d i m e n s i o n a l  s t u d y  w i l l  f u r n i s h .
The c e l l  which  i s  c o m p l e t e l y  f i l l e d  w i t h  l i q u i d  n -
h e x a d e c a n e ,  i s  s e a l e d  a t  b o t h  ends  by c o p p e r  p l a t e s  and h a s
i t s  b o t to m  p l a t e  c o o l e d  by a  c o o l a n t  c i r c u l a t e d  by a
r e f r i g e r a t o r .  A d e t a i l e d  d e s c r i p t i o n  o f  t h e  s e t u p  i s  g i v e n
u n d e r  " E x p e r i m e n t a l  E qu ipm ent  and P r o c e d u r e . "  The e f f e c t s
o f  c o n v e c t i o n  a r e  assumed t o  be n e g l i g i b l e .  T h i s  i s  a
r e a s o n a b l e  a s s u m p t i o n ,  s i n c e  c o n v e c t i v e  m ix in g  t h a t  o c c u r s
when s o l i d i f i c a t i o n  i s  t a k i n g  p l a c e  i s  m in im iz e d  by h a v i n g
t h e  c e l l  c o o l e d  from t h e  b o t to m  so  t h a t  t h e  s o l i d  formed a t
t h e  b o t to m  o f  t h e  c e l l  r e m a in s  a t  t h e  b o t to m .  A n o th e r  s o u r c e
o f  c o n v e c t i o n  i n  t h e  c e l l  i s  t h e  movement o f  t h e  i n t e r f a c e
b e tw ee n  t h e  s o l i d  and l i q u i d  p h a s e s .  When t h i s  i n t e r f a c e
a d v a n c e s  a d i s t a n c e  dY i n  t h e  y d i r e c t i o n ,  t h e  mass o f  s o l i d
fo rm ed  p e r  u n i t  c r o s s - s e c t i o n a l  a r e a  o f  c e l l ,  pgdY, i s
d e r i v e d  from an e q u a l  mass o f  l i q u i d  which  h a s  d i s a p p e a r e d .
T h is  c o r r e s p o n d s  t o  a t h i c k n e s s  (Pg/pj^)dY o f  l i q u i d  which
h a s  d i s a p p e a r e d .  Thus t h e  l i q u i d  moves w i t h  a n e t  v e l o c i t y
dYUy = ( 1 -  P g / P ^ ) ^  a l o n g  t h e  y a x i s .  I f  t h e r e  i s  no change 
i n  volume d u r i n g  s o l i d i f i c a t i o n ,  u^ = 0 ,  and c o n v e c t i v e  
e f f e c t s  may be n e g l e c t e d .  A l s o ,  i f  t h e  d e n s i t y  p^ o f  s o l i d  
i s  c l o s e  t o  t h e  d e n s i t y  pj  ̂ o f  l i q u i d ,  t h e n  u^ i s  a p p r o x i m a t e l y
T 1 2 8 9  17
e q u a l  t o  z e r o  and c o n v e c t i v e  e f f e c t s  may be n e g l e c t e d .  T h is  
l a t e r  c a s e  h o l d s  f o r  n - h e x a d e c a n e ,  and n e g l e c t i n g  c o n v e c t i v e  
e f f e c t s  f o r  t h i s  o n e - d i m e n s i o n a l  model s h o u l d  n o t  i n t r o d u c e  
h i g h  e r r o r s  i n t o  t h e  s o l u t i o n .
I t  i s  f u r t h e r  assumed t h a t  t h e  c e l l  and i t s  c o n t e n t s  a r e  
i n i t i a l l y  a t  a m b ie n t  t e m p e r a t u r e  and t h a t  as  t im e  i n c r e a s e s ,  
t h e  t e m p e r a t u r e s  o f  t h e  I n s i d e  f a c e s  o f  t h e  b o t to m  and to p  
p l a t e s  o f  t h e  c e l l  a r e  f u n c t i o n s ,  f ^ ( t )  and f g C t ) ,  o f  t im e  
r e s p e c t i v e l y .  The h e i g h t  h o f  t h e  c e l l  i s  d e f i n e d  as  t h e  
d i s t a n c e  a l o n g  t h e  y a x i s  from t h e  i n s i d e  f a c e  o f  t h e  b o t to m  
p l a t e  t o  t h e  i n s i d e  f a c e  o f  t h e  to p  p l a t e .  The o r i g i n  o f  
t h e  y a x i s  i s  y = 0 a t  t h e  i n s i d e  f a c e  o f  t h e  b o t to m  p l a t e  
and t h e  p o s i t i v e  y d i r e c t i o n  i s  to w a rd s  t h e  top  p l a t e .  Note 
t h a t ,  by t h e s e  d e f i n i t i o n s ,  know ledge  o f  t h e  t e m p e r a t u r e  
p r o f i l e s  o f  t h e  i n s i d e  f a c e s  o f  t h e  b o t to m  and to p  p l a t e s  o f  
t h e  c e l l ,  say  by p o l y n o m i a l  f i t s  o f  e x p e r i m e n t a l l y - d e t e r m i n e d  
t e m p e r a t u r e s  o f  t h e s e  f a c e s ,  makes i t  u n n e c e s s a r y  t o  w r i t e  
e n e r g y  b a l a n c e s  on t h e  c o p p e r  p l a t e s  t h e m s e l v e s  i n  o r d e r  t o  
s o l v e  t h e  p ro b le m  f o r  n - h e x a d e c a n e .  The to p  p l a t e  i s  e x p o s e d  
t o  room t e m p e r a t u r e  a t  a l l  t i m e s .
The h e a t  t r a n s f e r  p ro b le m s  f o r  n - h e x a d e c a n e  a r e  d i v i d e d  
i n t o  two p a r t s ,  a r b i t r a r i l y ,  as  f o l l o w s :
1 ) " P r e - s o l i d i f i c a t i o n "  p r o b le m ;  i t  c o n s i d e r s  h e a t  t r a n s ­
f e r  i n  l i q u i d  n - h e x a d e c a n e  from th e  t im e  ( t  = 0 ) when c o o l i n g  
o f  t h e  b o t to m  p l a t e  i s  i n i t i a t e d  t o  th e  t im e  ( t  = t * )  when 
th e  e q u i l i b r i u m  t e m p e r a t u r e  o f  s o l i d i f i c a t i o n  o f  n - h e x a d e c a n e  
i s  r e a c h e d  a t  t h e  b o t to m  p l a t e .
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2 ) " P o s t - s o l i d i f i c a t i o n "  p r o b le m ;  i t  c o n s i d e r s  h e a t  
t r a n s f e r  i n  s o l i d  and l i q u i d  n - h e x a d e c a n e  and t h e  r a t e  o f  
f o r m a t i o n  o f  s o l i d  n - h e x a d e c a n e  from t h e  t im e  ( t  = t * )  
when t h e  e q u i l i b r i u m  t e m p e r a t u r e  o f  s o l i d i f i c a t i o n  o f  n -  
h e x a d e c a n e  i s  r e a c h e d  a t  t h e  b o t to m  p l a t e  t o  a l a t e r  t im e  
when t h e  e n t i r e  c o n t e n t  o f  t h e  c e l l  i s  f r o z e n .
P r e - s o l i d i f i c a t i o n  p ro b lem
S i n c e  c o n v e c t i v e  e f f e c t s  a r e  n e g l e c t e d  and a o n e -  
d i m e n s i o n a l  model  i s  c o n s i d e r e d ,  t h e  g o v e r n i n g  e q u a t i o n ,  
i n i t i a l  and b o u n d a ry  c o n d i t i o n s  a r e  f o r  0 ^  t  ^  t * ,
3^Tfo(y.t) 3T (y ,t)
„ .. = —62----------  , (0 < y < h) (1)
^  3y  ̂ a t
( i )  = f j_ ( t )  when y = 0
( i i )  T ^ ^ ( h , t )  » f g C t )  when y = h
( i i i )  "  *̂ a a t  t  « 0 , f o r  0 £  y < h .
i s  a m b ie n t  o r  room t e m p e r a t u r e  which  i s  assumed t o  be con­
s t a n t .  i s  t h e r m a l  d i f f u s i v i t y  o f  l i q u i d  n - h e x a d e c a n e  and
i s  g i v e n  by = ^L'^^L^pL* S u b s c r i p t  L r e f e r s  t o  l i q u i d  
n - h e x a d e c a n e ,  and s u b s c r i p t  o r e f e r s  t o  t h e  p r e - s o l i d i f i c a t i o n  
p r o b le m .  Thus T i s  t h e  t e m p e r a t u r e  o f  l i q u i d  n - h e x a d e c a n e
l i O
f o r  t h e  p r e - s o l i d i f i c a t i o n  p r o b l e m .  , p _ , and c a r e  t h ei j  iu p ii
t h e r m a l  c o n d u c t i v i t y ,  d e n s i t y ,  and  s p e c i f i c  h e a t ,  r e s p e c t i v e l y ,
o f  l i q u i d  n - h e x a d e c a n e .
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C o n d i t i o n s  ( i )  and ( i i )  s t a t e  t h a t  t h e  t e m p e r a t u r e s  o f
t h e  b o t to m  and to p  p l a t e s  a r e  some f u n c t i o n s  o f  t i m e .  The
i n i t i a l  c o n d i t i o n  ( i i i )  s t a t e s  t h a t ,  a t  t h e  t im e  t h a t  c o o l i n g
o f  t h e  b o t to m  p l a t e  i s  J u s t  a b o u t  t o  be i n i t i a t e d ,  i . e .  a t
t  = 0 , t h e  t e m p e r a t u r e  o f  t h e  l i q u i d  h e x a d e c a n e  i n  t h e  c e l l
i s  t h e  same as  t h e  a m b ie n t  (room) t e m p e r a t u r e  f o r  t h e  e n t i r e
h e i g h t  o f  t h e  c e l l .  T h u s ,  t h e  t e m p e r a t u r e  p r o f i l e  T ( y , t )
LiO
may be o b t a i n e d  f o r  0 £  t  £  t *  and 0 £  y £  h  by a n a l y t i c a l  o r
n u m e r i c a l  i n t e g r a t i o n ,  once Tg^, f ^ ( t )  and f 2 ( t )  a r e  known.
Note  t h a t ,  a t  t  = 0 ,  f , ( t )  = f  ( t )  = T ; a t  t  = t * , f  ( t )  = T ,-L c a 1 e
where  T^ i s  t h e  e q u i l i b r i u m  t e m p e r a t u r e  o f  s o l i d i f i c a t i o n  o f
n - h e x a d e c a n e .  f ^ ( t )  and f 2 ( t )  may be o b t a i n e d  by d o i n g  l e a s t -
s q u a r e s - p o l y n o m i a l  f i t s  o f  t e m p e r a t u r e s  o f  t h e  i n s i d e  f a c e s  o f
t h e  b o t to m  and to p  p l a t e s  as  m e a su re d  w i t h  r e s p e c t  t o  t im e  by
c o p p e r - c o n s t a n t a n  t h e r m o c o u p l e s ,  w i t h  t im e  s e t  e q u a l  t o  z e r o
a t  t h e  s t a r t  o f  c o o l i n g  o f  t h e  b o t to m  p l a t e .  As w i l l  be
shown when t h e  r e s u l t s  o f  t h e  p r e s e n t  s t u d y  a r e  d i s c u s s e d ,
f  ( t )  and f 2 ( t )  t u r n  o u t ,  f o r  t h i s  p a r t i c u l a r  s t u d y ,  t o  be
- ( c ( t ) t )
e x p o n e n t i a l  f u n c t i o n s  o f  t h e  t y p e  A + Be , w he re  A and
B a r e  c o n s t a n t s  t h a t  add up t o  t h e  a m b ie n t  t e m p e r a t u r e ;  A 
e q u a l s  t h e  s t e a d y  s t a t e  t e m p e r a t u r e  o f  t h e  c o o l a n t  w h ic h  i s  
c i r c u l a t e d  by a r e f r i g e r a t o r  t o  c o o l  t h e  b o t to m  p l a t e .  The 
f u n c t i o n  c ( t )  i s  a  p o l y n o m i a l  o f  d e g r e e  l e s s  t h a n  o r  e q u a l  
t o  5 wh ich  i s  d e t e r m i n e d  by t h e  f i t t i n g  c o m p u te r  p r o g r a m .  
P o s t - s o l i d i f i c a t i o n  p ro b le m
At t im e  t  = t * ,  t h e  t e m p e r a t u r e  o f  t h e  b o t to m  p l a t e  i s
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e q u a l  t o  t h e  e q u i l i b r i u m  t e m p e r a t u r e  o f  s o l i d i f i c a t i o n  o f
n - h e x a d e c a n e ,  i . e . ,  f  ( t * )  = T and t h e  n - h e x a d e c a n e  i s  s t i l lJ. e
a l l  l i q u i d .  I t s  t e m p e r a t u r e  p r o f i l e  a t  t h i s  p a r t i c u l a r  
i n s t a n t  i s  ? ^ ^ ( y , t * ) .  F o r  t > t * ,  t h e  h e a t  t r a n s f e r  p ro b lem
becomes
a
3 ^ T „ ( y , t )  3T ( y . t )
® _ s f o r  0 £  y £  Y ( t )  ( 2 a)
® 3y^ a t
„ for Y(t) < y < h (2b)
L  a t  -  -
s u b j e c t  t o  t h e  f o l l o w i n g  c o n d i t i o n s :
(1)  T g ( Y , t )  = T ^ ( Y , t )  = when y « Y ( t )
3T^ 3T. HV
( 1 1 ) % s 3 ÿ -  -  3ÿ -  =  V s  d t  " h e n  Y =  ï ( t )
( i i i )  T j^ (y , t* )  = a t  t  = t *
( i v )  Y ( t* )  = 0  a t  t  = t *
(v )  T g ( 0 , t * )  = f ^ ( t * )  = a t  t  = t * ,
y = 0
( v i )  T ^ ( h , t * )  =» T ^ ^ ( h , t * )  = f 2 ( t * )  a t  t  = t * , y = h
( v i i )  T g ( 0 , t )  = f ^ ( t )  a t  y = 0 f o r  t  £  t*
( v i i i )  T ^ ( h , t )  = f 2 ( t )  a t  y = h f o r  t  £  t*
Y ( t )  i s  t h e  h e i g h t  o f  s o l i d  which  h a s  b e e n  formed from 
t im e  t  = t *  t o  t im e  t  = t  and i s  m e a su re d  from  th e  i n s i d e  
f a c e  o f  t h e  b o t to m  p l a t e  up a l o n g  t h e  y a x i s  t o  th e  i n t e r f a c e  
s e p a r a t i n g  l i q u i d  and s o l i d  h e x a d e c a n e .  C o n d i t i o n s  ( i ) ,  ( i i )  
and ( i v )  d e s c r i b e  t h e  i n t e r f a c e .  C o n d i t i o n  ( i )  s a y s  t h a t ,  a t
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t h e  i n t e r f a c e ,  t h e  t e m p e r a t u r e  o f  th e  s o l i d  p h a se  e q u a l s  t h e  
t e m p e r a t u r e  o f  t h e  l i q u i d  p h a s e  f o r  a l l  t .  C o n d i t i o n  ( i i )  
s t a t e s  t h a t  t h e  r a t e  o f  h e a t  l i b e r a t i o n  a t  t h e  I n t e r f a c e  by 
f r e e z i n g  must  e q u a l  t h e  n e t  r a t e  a t  which  h e a t  i s  c o n d u c te d  
away i n t o  s o l i d  and l i q u i d  p h a s e s ,  i s  t h e  h e a t  o f  f u s i o n
o f  s o l i d  h e x a d e c a n e  p e r  u n i t  m ass .  S u b s c r i p t s  s and L r e f e r  
t o  t h e  p r o p e r t i e s  o f  s o l i d  and l i q u i d  p h a s e s  r e s p e c t i v e l y .  
C o n d i t i o n  ( i v )  s t a t e s  t h a t  a t  t im e  t  = t *  when t h e  t e m p e r a t u r e  
o f  t h e  c o o le d  b o t to m  p l a t e  f i r s t  r e a c h e s  t h e  e q u i l i b r i u m  
f r e e z i n g  t e m p e r a t u r e  o f  n - h e x a d e c a n e ,  t h e  amount o f  s o l i d  
p r e s e n t  i s  z e r o ,  i . e . ,  t h e  l i q u i d  h e x a d e c a n e  i s  s t i l l  a l l  
l i q u i d .  C o n d i t i o n s  ( i i i )  t o  ( v i )  mean t h a t  t h e  t e m p e r a t u r e  
p r o f i l e  i n  t h e  l i q u i d  h e x a d e c a n e '  d u r i n g  t h e  p r e - s o l i d i f i c a t i o n  
p r o b le m  s t i l l  e x i s t s  a t .  t im e  t  = t * .  C o n d i t i o n s  ( v i i )  and
( v i i i )  s t a t e  t h a t  t h e  t e m p e r a t u r e s  o f  t h e  b o t to m  and t h e  t o p  
p l a t e s  a r e  f u n c t i o n s  o f  t im e  w hich  a r e  a l s o  c o n t i n u o u s  w i t h  
t h e  t e m p e r a t u r e  p r o f i l e s  t h a t  o b t a i n e d  a t  t h e s e  b o u n d a r i e s  f o r  
t h e  p r e - s o l i d i f i c a t i o n  p r o b le m ;  i n  o t h e r  w o r d s ,  t h e  p r o c e s s  
o f  s o l i d i f i c a t i o n  does  n o t  i n t r o d u c e  any d i s c o n t i n u i t y  be tw een  
th e  t e m p e r a t u r e s  t h a t  o b t a i n  f o r  t h e s e  b o u n d a r i e s  f o r  th e  p r e ­
s o l i d i f i c a t i o n  p r o b le m  and f o r  t h e  p o s t - s o l i d i f i c a t i o n  p ro b le m .
C o n d i t i o n  ( i i )  may be d e r i v e d  as  f o l l o w s .  I n  a  t im e  d t  
l e t  dL be t h i c k n e s s  o f  l i q u i d  t h a t  h a s  s o l i d i f i e d  t o  p r o d u c e  
a  s o l i d  o f  t h i c k n e s s  dY. L e t  H and IL be t h e  e n t h a l p i e s  p e r8 Jj
u n i t  mass o f  t h e  s o l i d  and l i q u i d  p h a s e s  r e s p e c t i v e l y .
T h e r e f o r e  A mass b a l a n c e  a t  t h e  i n t e r f a c e ,
( F i g .  2 ) ,  g i v e s  p dY =» p .d L .  E nergy  b a l a n c e  g i v e s
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F i g u r e  2 .  Moving i n t e r f a c e  from t im e  t  t o  t im e  t  + d t .
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pgHgdY -  p^H^dL = q ^ d t  -  q ^ d t ,  where  q^ and q̂  ̂ a r e  h e a t  
f l u x e s  p e r  u n i t  t im e  p e r  u n i t  c r o s s  s e c t i o n a l  a r e a  o f  s o l i d  
and  l i q u i d  p h a s e s  r e s p e c t i v e l y .  A l l  t h e s e  e q u a t i o n s  have  
b e e n  w r i t t e n  i n d e p e n d e n t  o f  t h e  c r o s s - s e c t i o n a l  a r e a  b e c a u s e  
t h e  c r o s s  s e c t i o n a l  a r e a  o f  t h e  c e l l  i s  c o n s t a n t  and i s  t h e  
saiae f o r  b o t h  t h e  s o l i d  and  l i q u i d  p h a s e s .  When t h e  d e f i n i ­
t i o n  o f  and th e  m a s s - b a l a n c e  e q u a t i o n  a r e  i n t r o d u c e d  i n t o  
t h e  e n e r g y - b a l a n c e  e q u a t i o n ,  t h e  f o l l o w i n g  e q u a t i o n  i s  
o b t a i n e d :
dY
3Tg 3T,
By F o u r i e r ’ s law o f  c o n d u c t i o n ,  q^ = -K^ and q^  = -K^
P u t t i n g  t h e s e  d e f i n i t i o n s  f o r  q^ and q^  i n t o  e q u a t i o n  (3 )  and
.  _ dYr e a r r a n g i n g  i t ,  we g e t  » ^ f ^ s  * w h ich  i s
c o n d i t i o n  ( i i ) .
The f o l l o w i n g  d i m e n s i o n l e s s  v a r i a b l e s  a r e  d e f i n e d .
6 3 T ( y , t ) / T g
z ss y / h
S a Y/h
^0 ( a ^ / h ^ ) t
T a (a j^ /h2 ) ( t  -  t * )  = -  T<a ( a ^ / h 2 ) t *
The s u b s c r i p t s  o ,  L, and s s t i l l  a p p ly  as p r e v i o u s l y  d e f i n e d .  
I n  d i m e n s i o n l e s s  fo rm ,  t h e  g o v e r n i n g  e q u a t i o n s  o f  th e  p r e -  
s o l i d i f i c a t i o n  p r o b le m  becom e,  f o r  0 £
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L ^hoi l l l o l  = f o r  0 < z < 1 . 0  ( 4 )
3z 3?o
( i )  “ f^(TQ)/Tg when z = 0
( i l )  8L o ( l* ? o )  when z = 1 . 0
( i i i )  0 ( z , 0 )  = T /T  a t  = 0 ,  f o r  0 < z < 1 .0Lo a e o *  — —
A lso  t h e  g o v e r n i n g  e q u a t i o n s  f o r  t h e  p o s t - s o l i d i f i c a t i o n  
p ro b le m  becom e,  f o r  t  > 0 ( o r  e q u i v a l e n t l y ,  f o r  T ^^ T ^ ) ,
3 ^ 8 , ( z , t )  36_ ( z , t )
X ----- =-T------ » —  ----------- f o r  0 < z < S (5 a )
3 z 3?
3^6 ( z , t ) 3 9 . ( z , t )
 k__------ = — b .   f o r  S < z < 1 ,0  (5b)
3z
s u b j e c t  t o  t h e  f o l l o w i n g  c o n d i t i o n s :
( i )  0 g (S ,T )  = 0ĵ ( S , t ) = 1 ,0  a t  z = S f o r  T >_ 0
38%, dS
(11) M —  -  J —  = dT at 2 = S for T > 0
*) a t  T = 0 ( a t  = T * )  
a t  T = 0
( i i i ) 6^(2 , 0 ) = 8^ ^ ( z
( i v ) 3 ( 0 ) = 0
(v) 6 3 ( 0 , 0 ) = f^ (T  '
( v i ) , 0 ) = f ^ ( T  :




j  3 ( "%..- )  ( ~ )
The d i m e n s i o n l e s s  e q u a t i o n s  a r e  now t o  be p u t  i n t o  f i n i t e
f 22)d i f f e r e n c e  f o rm s .  The m ethod  o f  L, W. E h r l i c h  i s  u s e d  t o  
do t h i s .
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F i g u r e  3. A x i a l  s e c t i o n  o f  t e s t  c e l l  sh o w in g  s p a c e  g r i d s  
and  n o d e s .
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ihP I o f  e
N -  1
I +  1
h
C H A M B  E R
y -  h
-
y =  0
z = :  Z 7 0
C O O L I N G  L I Q U I D
D I A G R A M  O F  A X I A L  S E C T I O N  O F  T E S T  C E L L  S H O W I N G  
S P A C E  G R I D S  A N D  N O D E S
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F i n i t e  D i f f e r e n c e  F o r m u l a t i o n  o f  G ov e rn in g  E q u a t i o n s
The T a y l o r  s e r i e s  e x p a n s i o n  o f  a f u n c t i o n  f ( x + a , y + b )  
a b o u t  a p o i n t  ( x , y )  I s
f ( x + a , y + b )  = f ( x , y )  + ( a  + b " ^ ) f ( x , y )  + ( a  + b f ( x , ;
+ b f ( x , y )  + , , , ,  + (n - l )%  (
+ ( 6 )
where  = ^ ( a  - ^  + b | j ) ^ ^ f ( x + ç a , y+Yb) ,  w i t h  0 £  ç _< 1 and
O ^ Y ^ l ,  I . e .  = 0 ( a + b ) H .  The symbol 0 (  ) means " o f  th e  
o r d e r  o f  w ha t  I s  e n c l o s e d  I n  t h e  b r a c k e t s . "  F o r  t h i s  p r o b l e m ,  
we Impose  a  mesh on t h e  t e s t  c e l l ,  su ch  t h a t  t h e  s p a c e  g r i d  
I s  v e r t i c a l  a l o n g  t h e  h e i g h t  o f  t h e  c e l l  and t im e  g r i d  I s  
h o r i z o n t a l ;  t h a t  I s ,  t h e  t im e  g r i d  I s  p e r p e n d i c u l a r  t o  t h e  
s p a c e  g r i d .  On th e  ( z , t ^ )  o r  t h e  ( z , t ) c o o r d i n a t e s ,  t h e  
f o l l o w i n g  a r e  d e f i n e d  ( s e e  F i g .  3 and F i g ,  4 ) :
h ^  = Az = mesh s i z e  i n  t h e  s p a c e  c o o r d i n a t e
* *̂ 0̂ = AT = mesh s i z e  I n  t h e  t im e  c o o r d i n a t e  
P = ka/(ha^)
(8 1 0 )1 ,j “ GloCiha'Jka)
( 8 s ) l , j  = G s f l h a ' J k a )
^®l ) i , j  * 8 L ( i h a , J k a )
P r e - s o l l d l f l c a t l o n  P ro b le m
The f o l l o w i n g  a p p r o x i m a t i o n s  w i l l  be u s e d  f o r  t h e  p a r t i a l  
d e r i v a t i v e s •





+ 0 ( h ^ ^ )  (9 )
° t  ^ ^ ® L o ) i J  + l  ■ ^ ® L o ) l , j )
2
+  &  ( Ü M )  +  o ( i c / )  ( 10)
p  '  p  '  c i
3To l , j + l
The d i f f e r e n c e  e q u a t i o n s  a r e  t o  be d e r i v e d  I n  t h e  I m p l i c i t  
form s o  t h a t  t h e y  may be s o l v e d  u s i n g  t r l - d l a g o n a l  m a t r i x ,
Gauss e l i m i n a t i o n  and b a c k - s u b s t l t u t l o n .  On s u b s t i t u t i n g  
e q u a t i o n s  (7)  and ( 1 0 ) i n t o  e q u a t i o n  ( 4 ) ,  we g e t
“ Jj 2 ^ ^ ® L o ) i - l J  + l  "  ^ ^ ® L o ) l , J  + l  *  ^ ® L o ) l+ l , J  + l )
, 2 ( 1 1 ) 
+ 0 ( h a  ) + O(k^)
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F i g u r e  4. T w o - d im e n s io n a l  f i n i t e  e l e m e n t s  i n  t im e  and 
s p a c e  c o o r d i n a t e s .
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y or z  di rect ion
N , J +  1
1+1,J + 1
T o p  p l a t e
. . .  ...J...,,..
h „ • e ,
l  i 1 , j - 1 ' 1 , j
1 , J +  1
i " . 0  , j  -  1 0  , j 0  , j  +  1
T —  k g  -* -  - k Q ►
B o t  t o r n  p l a t e
t —  Yà —  o r 2T — d i  r e  c t i o n
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On s u b s t i t u t i n g  e q u a t i o n s  ( 8 ) and  ( 9 ) i n t o  e q u a t i o n  ( 4 ) ,  we 
g e t
C  ^  { ( 8 1 0 ) 1 - 1 , j  -  2 ( 8 l o ) l . J
+ ( 8 l o ) i + 1 . j )  + 8(V) + 8(V Ĉ)
A d d i t i o n  o f  e q u a t i o n s  (11)  and (12)  y i e l d s
kT { ( ® L o ) i , j + i  “  ( 8 l o ) i , j )  “ 5̂  { ( 8 1 0 ) 1 - 1 , j + i
-  2 ( ® L o ) i , J +1 *  ( 8 1 0 ) 1+ 1 , j  + 1 ( 8 1 0 ) 1 - 1 , J
- " ( 8 1 0 ) 1 , j  + ( 8l o ) l + l , j )  + 8 ( k a ' )  + O ( ^ )  (13)
U s ing  t h e  d e f i n i t i o n  f o r  p i n  e q u a t i o n  (1 3 )»  we g e t
“  2 ( 8 1 0 ) 1- 1 , j +1  ^ ( l ' ^ P ) ( 8l o ) l , J  + l  -  2 ( 8 l o ) i + 1 , J  + 1
= | ( 8 l o ) l - l , j  + ( : - P ) ( 8 l o ) l , j  + ( | ) ( 8 l o ) l . i , j
+ 0 ( k g 3 ) + 0 ( k ^ h ^ " )  ( l i t )
3 2The l o c a l  e r r o r  t e r m  i n  e q u a t i o n  (14)  i s  0 ( k ^  ) + 0 ( k ^ h ^  ) .  
T h e r e f o r e  t h e  g o v e r n i n g  p r e - s o l i d i f i c a t i o n  e q u a t i o n s  becom e,  
f o r  0 1  Tg, < T*,
2 ( 8 1 0 ) 1- 1 , J + 1 ( l + P ) ( G i o ) i ^ j  + i  -  (5^ ( 8 1 0 ) 1+ 1 , j  + 1
°  | ( 8 l o ) i - i , j + ( l - P ) ( 8 i o ) l , j  + 5 ( 8 1 0 ) 1 + 1 , j  + 8 ( k a 3 )
+ O ( k ^ h a ^ ) ,  1 1  1 < H- 1  (15)
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s u b j e c t  t o  th e  f o l l o w i n g  c o n d i t i o n s ;
( 1 )  ( 8 l o ) o , J  =  ^  * ( ® L o ) o . J + l  =  .  a t  i  =  0
( 8 L o > N . j  =  •  ( 8 l o > N . J  +  1  =  "
( I i i )  ( e .  ). „ = T„/T at J = 0 for 0 < 1 < H 
l iO 1 , 0  a  e  —
where  H i s  t h e  t o t a l  number o f  nodes  i n  t h e  s p a c e  d i r e c t i o n
w i t h  t h e  f i r s t  node on t h e  b o t to m  p l a t e  and t h e  node  on
th e  to p  p l a t e .
P o s t - s o l i d i f i c a t i o n  P rob lem
1(—2^) = (8_ -20g + 0g }
3z 1,J+1 Si-1 , j+1 i , j + l  1+1, j+1
+ O(hg^) (16)
00  ̂ J  k 3"e
(iT*)i,J+i ■ ÎT ^*Si,j+i"*Si,j^* “ ^F P '^ i .j+ i
+ 0 ( k , 2 )  (17)
08. 1 k_ 0^0g 2
l,j+l l,j " 0T
0 " 8 l  1
(— ^ )  = - 4  (8 .  - 2 0 ,  +0L )
02 1,J + 1 ha" 1-1,J + 1 l,j + l 1+1,J + 1
+ 0 ( h u " )  (20)
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3 9 ,  ,  k 0 2
‘ i x ’ i . .  ■ ; ÿ ' " '
-  * «V
30^ 1
( f î à  .  2_______   { , i : ! , l ' H t . l J t l .  + 9,
0z  R + l . j + l  ( 2 - % j + i )  1 - X j + i  R + 2 . J +1
-  e ,  } +  0 ( h „ )  ( 26)
R + l . J + l  s
■ k  * " ' V  " "
+ 0(8. 2) (23)a
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( ë " ) R . j + l  = + 8 ( V  (30)J- R a
3 0 0 — 1
■ - % # -  * “ ‘“ 2
(!!& ) = ^  9^
^2 i n t e r f a c e , J + 1  a ^ ~ ^ j + i  R+1,J+1
0 ,  _
2 - X j + l  ^R +2 ,J+1  ( ^ ^ * j + l ) ( 2 " * j + l )
= a ^ / h ^  + 0 ( h g " )  ' (32)
( f & )  .  i -  { f ï ï ü -  93 -  9g
^2 i n t e r f a c e , J+1 ^^* j  + i  R - l » J ‘*’l  ^J + 1 + l
1+2X 2
+ ---------------  r }+0(h^ ) = 0 _ /h  + 0 ( h  ) (33)
V i d - ^ ^ j + P
00T 1
^ ™ ) j . n t e r f a c e ,  J + 1 “ ^  ( " ( ^ - ^ ^ J  + l ^ j  + l '^ '* ("" ' ‘j  + l )
9,  -  ( 3 - 2 x . . j ) 9,  } = o ' / h  + 0 ( h  ")  ( 3 4 )
l ‘R+2,J + l  J + 1 1 ^ + 3 , J + 1 ^ ^
 ̂^3 1
^^2 ^ i n t e r f a c e , J + 1 2h^ ^̂  J + 1  ̂ ^ R - 2 , J  + 1
= O ' / h  + 0(l i  ^) (35)s a  a
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0z i n t e r f a c e , J + 1  a * J + l  a J+1
A .
3z I n t e r f a c e ,  j + 1  h ^ ( l - x ^ ^ ^ )
+ 0 ( h a )  = ™  ( ^ 2 ) j + i - l  + O (h^) ( 3 7 )
h a f l " -  * J + P
( 3^ ) I n t e r f a c e ,  J+1  “ ^
■ - ÿ - v î '  *
■ r  * " < V  ‘ 3 ’ »
The g o v e r n i n g  e q u a t i o n s  f o r  t h e  p o s t - s o l i d i f i c a t i o n  
p ro b lem  a p p ly  f o r  ^  t *  o r  f o r  % ^  0 .  E q u a t i o n s  (16)  
t h r o u g h  (39)  a r e  o b t a i n e d  by T a y l o r  s e r i e s  e x p a n s i o n  a ro u n d  
t h e  p o i n t s  where  t h e  d e r i v a t i v e s  a r e  t o  be  f o u n d .  E q u a t i o n s  
( 1 6 ) t h ro u g i i  ( 2 3 ) a p p ly  t o  t h e  s o l i d  and l i q u i d  p h a s e s  f o r  
nod es  n o t  n e a r  t h e  s o l i d - l i q u i d  i n t e r f a c e .  F o r  r e g i o n s  n e a r  
and on t h e  i n t e r f a c e ,  t h e s e  e q u a t i o n s  h a v e  t o  be m o d i f i e d .  
E q u a t i o n s  (24)  t h r o u g h  (31)  a r e  su c h  m o d i f i e d  e q u a t i o n s  t h a t  
a p p ly  n e a r  t h e  i n t e r f a c e .  E q u a t i o n s  (3 2 )  t o  ( 3 8 ) a p p ly  a t  
t h e  s o l i d - l i q u i d  i n t e r f a c e  i t s e l f .  E q u a t i o n  (39)  d e s c r i b e s  
t h e  r a t e  a t  w hich  s o l i d  o f  d i m e n s i o n l e s s  h e i g h t  S i s  fo rm ed .  
E q u a t i o n s  ( I 6 ) t o  (23)  a r e  o b t a i n e d  by e x a c t l y  t h e  same
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o p e r a t i o n  t h a t  y i e l d e d  e q u a t i o n s  (7)  t o  (10)  and when t h e y  
a r e  s u b s t i t u t e d  i n t o  e q u a t i o n s  (5 a )  and (5b)  i n  t h e  same way 
t h a t  e q u a t i o n s  (7)  t o  (10)  were  s u b s t i t u t e d  i n t o  e q u a t i o n  (4)  
t h e  f o l l o w i n g  e q u a t i o n s  r e s u l t ;
- P / 2 0 L  + ( 1 + P ) 0 T  - p / 2 0 .
1 - 1 , j + 1  h , j + i  h + i , j + i
=  P / 2 0 L  + ( l - p ) 0 r  + P / 2 0 T
1 -1 ,J i ,J  1+1,j
+ O (kg^)  + O'Ckglig") (40)
- X p / 2 8 „  + ( 1 + X p ) 9 ,  - X p / 2 9 ,
1-1, j+1 l , j  + l  A+1,J+1
= Xp/ 26„  + ( 1- X p ) e „  +Xp / 28_
1 - 1 , j  ®1,J 1 + 1 , J
+  0 ( k ^ 3) +  0 ( k g h g " x )  ( 41)
I t  i s  t o  be e m p h a s iz e d  a g a i n  t h a t  t h e s e  e q u a t i o n s  a r e  good 
f o r  n o d e s  n o t  n e a r  t h e  i n t e r f a c e .
F o r  n o d es  n e a r  t h e  s o l i d - l i q u i d  i n t e r f a c e ,  we p r o c e e d  
as  f o l l o w s .  Suppose  t h a t  t h e  d i s t r i b u t i o n  o f  t e m p e r a t u r e  
and  th e  p o s i t i o n  o f  t h e  f r e e z i n g  f r o n t  a r e  known f o r  t h e  
t im e  s t e p .  Suppose  a l s o  t h a t  t h e  p o s i t i o n  o f  t h e  f r e e z i n g  
f r o n t  f o r  th e  ( j  + l ) s t  t im e  s t e p  has  b e en  e s t i m a t e d ;  th e  
s e c t i o n  u n d e r  " S o l u t i o n s  o f  G ov e rn ing  F i n i t e  D i f f e r e n c e  
E q u a t i o n s "  w i l l  i n d i c a t e  how t h i s  e s t i m a t i o n  i s  done .  D e f in e  
R as  t h a t  s p a c e  node on t h e  moving i n t e r f a c e  o r  j u s t  be low
i t ,  f o r  a g i v e n  t im e  s t e p .  R v a r i e s  w i t h  t im e  s t e p .  Thus R
may be b e t t e r  l a b e l l e d  as  Rj f o r  t h e  j  t im e  s t e p  o r  R j^^
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f o r  t h e  ( J + l ) s t  t im e  s t e p .  R c o r r e s p o n d s  t o  t h e  number o f  
f u l l  s p a c e  nod es  t h a t  have  s o l i d i f i e d  f o r  a  g i v e n  t im e  s t e p .  
The f o l l o w i n g  c a s e s ,  e a c h  o f  w hich  i s  i l l u s t r a t e d  by f i g u r e s  
(5 )  t o  ( 8 ) ,  can  o c c u r .
A) The f r e e z i n g  f r o n t  does  n o t  c r o s s  a  s p a c e  g r i d  l i n e ,  
t h a t  i s ,  t h e  f r e e z i n g  f r o n t  l i e s  e n t i r e l y  b e tw ee n  two s p a c e  
g r i d  l i n e s
B) The f r e e z i n g  f r o n t  c r o s s e s  one s p a c e  g r i d  l i n e
C) The f r e e z i n g  f r o n t  c r o s s e s  two s p a c e  g r i d  l i n e s
D) The f r e e z i n g  f r o n t  c r o s s e s  t h r e e  o r  more s p a c e  
g r i d  l i n e s .
Each c a s e  r e q u i r e s  s p e c i a l  e q u a t i o n s  f o r  t h e  p o i n t s  n e a r  
t h e  i n t e r f a c e ,  t h a t  i s ,  f o r  t h e  p o i n t s  m arked  w i t h  i n
f i g u r e s  (5 )  t o  ( 8 ) ,  L e t  Xj be t h e  f r a c t i o n a l  p a r t  o f  t h e
s p a c e  mesh b e tw e e n  t h e  f r e e z i n g  f r o n t  and th e  node i=R d u r i n g  
t h e  t im e  s t e p .  As was s t a t e d  e a r l i e r ,  R may v a ry  w i t h  
t h e  t im e  s t e p  s i n c e  i t  i s  a lw ay s  t h e  node  a t  o r  n e a r e s t  t h e  
f r e e z i n g  f r o n t  i n  t h e  s o l i d  p h a se  d u r i n g  a g iv e n  t im e  s t e p .  
L e t  apj be  t h e  f r a c t i o n a l  p a r t  o f  t im e  g r i d  t h a t  l i e s  b e tw e e n  
t h e  p o i n t  (R ,  j + 1 )  and t h e  i n t e r s e c t i o n  o f  t h e  f r e e z i n g  
f r o n t  w i t h  t h e  s p a c e  g r i d  l i n e  a t  i»R d u r i n g  t h e  ( j + l ) s t  t im e  
s t e p .
Case A; F i g u r e  (5)  i l l u s t r a t e s  t h i s  c a s e .  E q u a t i o n s  
( 24)  and (25 )  o b t a i n  a t  (R, j + 1 ) .  On s u b s t i t u t i n g  e q u a t i o n s
(24)  and  (25)  i n t o  e q u a t i o n  ( 5 a ) ,  we o b t a i n
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F i g u r e  5 .  Case  A: I n t e r f a c e  does  n o t  c r o s s  a  s p a c e  g r i d
l i n e .
F i g u r e  6 . Case  B; I n t e r f a c e  c r o s s e s  one s p a c e  g r i d  l i n e .
T 1 2 8 9 111
c e l lo
e  r
j+1
J +  1
R+ 2
R + Î
To p o f  c e l l
R +  2
R +  1
R - 2
J
L i q u i d
I n t e r f a c e
Solid
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+ ( 1)2 ) 
l + * j + l
E r r o r  -  0 ( k ^  ) + O(Xk^hg^) 
which i s  t h e  m o d i f i e d  e q u a t i o n  f o r  t h e  s o l i d  p h a s e  f o r  nodes  
n e a r  t h e  i n t e r f a c e  and i t  h o l d s  good f o r  R >_ 1. On s u b s t i t u t ­
i n g  e q u a t i o n s  (26)  and  (27)  i n t o  e q u a t i o n  ( 5 b ) ,  we o b t a i n
( 2- x  ) ( l + 2p - x . ^ l ) 0L - 2 p ( l - x .  ^ ) 8 ^J + 1 J + l  ^ R + l , j  + l  J + 1 ^R + 2 , j  + l
= ( 2 - x .  ) ( l - x . . , ) 0 r  +2p (43)
J + l  J + l  ^ R + l , J
E r r o r  - 0 ( k_ ^ )  + O(h^k^) d O' a
which  i s  t h e  m o d i f i e d  e q u a t i o n  f o r  t h e  l i q u i d  p h a se  f o r  nodes  
n e a r  t h e  f r e e z i n g  f r o n t  and i t  h o l d s  good f o r  0 £  R N -2 ,
Case B ; F i g u r e  (6)  i l l u s t r a t e s  Case B. On s u b s t i t u t i n g  
e q u a t i o n s  (28)  and (29)  i n t o  e q u a t i o n  ( 5 a ) ,  we g e t
-Xp0« + ( l+2X p)0_  -Xp0^ = 0g (44)
® R - 2 , j + l  R - l , j + l  ^ R , j+ 1  R - l , j
E r r o r  = 0 (k ^ ^ )  + 0(Xk^h^^)
On s u b s t i t u t i n g  e q u a t i o n s  (24)  and (30)  i n t o  e q u a t i o n  ( 5 a ) ,  
we g e t
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2
E r r o r  = 0 (k  ) + 0(Xk h )
where  h a s  t h e  d e f i n i t i o n  t h a t  h a s  a l r e a d y  b e en  g iv e n  and 
f o r  t h i s  c a s e  i t  h a s  a  m a g n i tu d e
+ =j + l )
o b t a i n e d  by t h e  th e o re m  o f  s i m i l a r  t r i a n g l e s  and t h e  g eo m e try  
o f  f i g u r e  ( 6 ) .  E q u a t i o n s  (44)  and  (45)  a p p ly  t o  t h e  s o l i d  
p h a s e  n e a r  t h e  i n t e r f a c e .  E q u a t i o n  (43)  s t i l l  h o l d s  f o r  t h e  
l i q u i d  p h a s e  i n  t h i s  c a s e .
Case C; F i g u r e  (7 )  i l l u s t r a t e s  Case C, On s u b s t i t u t ­
i n g  e q u a t i o n s  ( 2 8 ) and ( 3 1 ) i n t o  e q u a t i o n  ( 5 a ) ,  we g e t
E r r o r  = 0 (k„  ) + 0(k_h_^X) a a  a
On s u b s t i t u t i n g  i=R -2  i n t o  e q u a t i o n  ( 1 6 ) ,  we g e t  an e q u a t i o n
f o r  ( ™ ™ ) ^  ^ A lso  on r e p l a c i n g  R by R-2 i n  e q u a t i o n
3z^ R - 2 , j + 1  30
( 2 5 ) we g e t  an e q u a t i o n  f o r  ( 3^ ) j  + 1 ’ When t h e s e  two 
e q u a t i o n s  a r e  s u b s t i t u t e d  i n t o  e q u a t i o n  ( 5 a ) ,  we g e t
E r r o r  = o(k ^) + 0 (Xk h . ^ )cl ct ct
E q u a t i o n s  (43)  and  (45 )  s t i l l  a p p ly  t o  t h e  l i q u i d  and s o l i d  
p h a s e s ,  r e s p e c t i v e l y .  F o r  Case C, a^  = x ^ ^ ^ / ( 2 - X j  + x^^^)  
and a^^^^ = ( l + X j ^ ^ ) / ( 2-X j  + x^^^)  = f r a c t i o n a l  p a r t  o f  t h e
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F i g u r e  7* Case C; I n t e r f a c e  c r o s s e s  two s p a c e  g r i d  l i n e s .
F i g u r e  8, Case D: I n t e r f a c e  c r o s s e s  t h r e e  o r  more s p a c e
g r i d  l i n e s .
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t im e  g r i d  be tw ee n  t h e  p o i n t  ( R - 1 ,  j+ 1 )  and th e  i n t e r s e c t i o n  
o f  t h e  f r e e z i n g  f r o n t  w i t h  t h e  s p a c e  g r i d  l i n e  t h r o u g h  R -1 ,  
d u r i n g  th e  ( J + l ) s t  t im e  s t e p .  R i s  an i n t e g e r  su c h  t h a t  
0 < R £  N.
Case D: F i g u r e  (8)  i l l u s t r a t e s  t h i s  c a s e .  When t h i s
o c c u r s ,  t h e  t im e  s t e p  i s  f i r s t  r e d u c e d  t o  h a l f  i t s  n o rm a l  
v a lu e  and t h e  e s t i m a t e d  p o s i t i o n  o f  t h e  f r e e z i n g  f r o n t  i s  now 
c h e c k e d  t o  s e e  i f  any o f  c a s e s  A t o  0 o c c u r s ,  i n  w hich  c a s e  
t h e  a p p r o p r i a t e  e q u a t i o n s  u n d e r  c a s e s  A t o  C a r e  u s e d .  I f  
t h e  i n t e r f a c e  s t i l l  c r o s s e s  t h r e e  o r  more g r i d  l i n e s ,  t h e  
t im e  s t e p  i s  s t i l l  r e d u c e d  f u r t h e r  by a  h a l f .  The new 
f r e e z i n g  f r o n t  i s  ch ec k ed  a g a i n s t  c a s e s  A t o  C. T h is  p r o c e s s  
i s  r e p e a t e d  u n t i l  one o f  c a s e s  A t o  C o b t a i n s ,  a f t e r  w h ich  
t h e  r e g u l a r  f u l l  t im e  s t e p  i s  r e t u r n e d  t o  a g a i n .
S p e c i a l  a p p r o x i m a t i o n s  m ust  be u sed  t o  o b t a i n  t h e  d e r i v a ­
t i v e s  t o  be u s e d  i n  t h e  i n t e r f a c e  c o n d i t i o n  o f  e q u a t i o n  (5)  
( i i )  w h ich  i s  s a t i s f i e d  a t  t h e  i n t e r f a c e .  E q u a t i o n s  (32)  t o  
(39)  a r e  t h e s e  s p e c i a l  a p p r o x i m a t i o n s .  They a r e  o b t a i n e d  by 
a p p r o p r i a t e  c o m b i n a t i o n s  o f  T a y l o r  s e r i e s  e x p a n s i o n s  o f  
t e m p e r a t u r e s  a t  t h e  i n t e r f a c e  f o r  t h e  ( J + l ) s t  t im e  s t e p .
When t h e y  a r e  a p p l i e d  t o  e q u a t i o n  5 ( i i ) ,  u n d e r  c o n d i t i o n s  
d i c t a t e d  by th e  v a l u e s  o f  R and X j^ ^ ,  t h e  h e i g h t  S^^^ o f  
s o l i d  fo rm ed  a t  any g i v e n  ( j + l ) s t  t im e  s t e p  may be o b t a i n e d .
The f o r e g o i n g  f i n i t e  d i f f e r e n c e  e q u a t i o n s  which  have  
b e e n  o b t a i n e d  f o r  t h e  p o s t - s o l i d i f i c a t i o n  p ro b le m  w i l l  now
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be a r r a n g e d  a c c o r d i n g  t o  t h e  g ro u p s  i n  which  th e y  a r e  u s e d  t o  
o b t a i n  t h e  p o s t - s o l i d i f i c a t i o n  t e m p e r a t u r e  p r o f i l e s  o f  s o l i d  
and l i q u i d  n - h e x a d e c a n e ; F o r  t h e  s o l i d  p h a s e  th e  f o l l o w i n g  
g r o u p i n g  h o l d s  good :
( i )  I f  R ( J + 1 ) - R ( J )  = 0 , ( t h i s  c o r r e s p o n d s  t o  Case A ) ,
( a )  i f  R(J+1)  = 1 , t h e  g o v e r n i n g  e q u a t i o n  i s
(b )  i f  R(J+1)  ^ 2 ,  t h e  g o v e r n i n g  e q u a t i o n s  a r e
= k^p8_ + (1 -X p )6 ^  +îsXp0„ f o r  K K R - l  (49)
" l . j  1 + 1 , J
2Apx._|_^
l + X j + l  ^ ^ R - l , j + l *  2%P+Xj+1
( i i )  I f  R ( j + l ) - R ( J )  = 1 ,  ( t h i s  c o r r e s p o n d s  t o  Case B ) ,  
t h e n
( a )  i f  R( j  + 1) = 1 ,  t h e  g o v e r n i n g  e q u a t i o n  i s
X
+ e + (2 X p + - i | i )0
1+x ® R - l , j + l  ®R S R , j + l
Xi t i  + - l h 2 —  (51)
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where  = % j + i / ( l - % j  + % j + i ) .
(b )  i f  R ( j+ 1 )  = 2 ,  t h e  g o v e r n i n g  e q u a t i o n s  a r e
-X p 6 ,  + ( l+ 2 X p )9g  -Xp8_ =0„ (52)
®R-2,J + 1 ^ R - l J  + 1 ® R , j+ l  ®R-1,J
2 X p x . . ,  X
Ü i  0 +(2Xp + J--..-) 9
l + X j + l  ® R - 1 , J +1 ^ R  ® R , J +1
.  I m .  + ■ (53)
^R ] ^ * j + l
where  s t i l l  h a s  t h e  same v a l u e  as  i n  p a r t  ( a )  
ab ove •
( c )  i f  R ( j + 1 \ > 3 ,  t h e  g o v e r n i n g  e q u a t i o n s  a r e
-^Xp6g t ( l + X p ) 6 „  “ ^Xp0
1 - 1 , J+1  i , j + l  1 + 1 , j+ 1
« ^Xp0 + (1 -X p )0 „  +îaXp0g
1 - 1 ,  j  l , j  1+ 1 ,  j
f o r  1 < 1 < R-2 (54)
Xp0 + ( l+ 2 X p )0 g  -Xp0
^ R - 2 , j + l  R - 1 , j + 1  R , j+ 1
@8 (55)
= R - l , j
2 1 p x ,+ i  , X )+ i ,
«™==-==,,̂ =-«»= 0 +(2Xp + ) 0
l+ X j+ l  ^ R - l . j + l  ^R ®R,J+1
<5 «
T 1289 49
S t i l l  h a s  t h e  s a m e  v a l u e  a s  i n  p a r t s  ( a )  a n d  
( b  ) a b  ove •
( i i i )  i f  R ( j  + 1 ) - R ( j )  = 2 ,  ( t h i s  c o r r e s p o n d s  t o  Case C ) , 
t h e n  R ( j+ 1 )  ^  2 .
( a )  I f  R ( j+ 1 )  = 2 ,  t h e n  t h e  g o v e r n i n g  e q u a t i o n s  a r e  
-  ^ P ^ R -1®Sk j  + i  = 1 (57)
where a%_i = ( l+X j^^) / (2 -X j+x^^^)  and 
aR = X j + i / ( 2 - X j  + X j+ i )
(b) i f  R(j+1) = 3, the  govern ing  eq u a t io n s  a re  
-Xp0_ + ( l+ 2 X p)0 g  -Xp0^
R - 3 , j+ l  R-2,J+1 ^ R - l , j + l
= 6 (59)
R - 2 , J
■Xpa 0 = 1  ( 6 0 )
*^R,J + 1
T 12 89 50
+(2Xp + - Ü i ) 8 „
1+Xj + l  ""R-l .J  + l  ^R R.J  + 1
.  + _2AE__ (61)
^R 1-^^j + l
where  and a ^  h av e  t h e  same v a l u e s  as  i n  p a r t  ( a )
a b o v e .
( c )  i f  R( j  + 1) >_ 4 ,  t h e  g o v e r n i n g  e q u a t i o n s  a r e
-^Xp8g +(1+Xp)8_ ” ^Xp0g
S i - 1 , j + 1  S i , J + l  S i + i ^ j + i
= ^Xp0„ + (1 -X p )0 g  +^Xp0g f o r  K i < R - 3  (62)S i - 1 , j  S i ^ j  ^  S i + l , j
- t P a R _ l 8 s R _ 2 , j + i + ( 2 i P a R - l + l ) 8 s R _ i , j + i
-  " P ^ R - F s R , j + i  “ 1 (64)
2 X p x . . .  , * j + i
=, i H i  + —  (65)
^R ^^^J+1
where  ap^_^ ^.nd a^̂  s t i l l  h av e  t h e  same v a l u e s  as  i n  p a r t s  ( a )  
and (b )  a b o v e .
( i v )  I f  R(J + 1) -  R ( j )  2l 3 ( t h i s  c o r r e s p o n d s  t o  Case D ) , 
we h a l v e  t h e  t im e  s t e p ,  make a new e s t i m a t e  o f  R(J+1)  and 
ch eck  i f  R ( j+ 1 )  -  R ( j )  h a s  a  v a lu e  t h a t  w i l l  s a t i s f y  one o f  
c a s e s  (A) t o  (C) w hich  we have  a l r e a d y  t r e a t e d .  I f  one o f  
t h e s e  c a s e s  a p p l i e s ,  we use  t h e  c o r r e s p o n d i n g  g roup  o f
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e q u a t i o n s  f o r  i t .  I f  none o f  t h e  c a s e s  h a s  o c c u r r e d  y e t ,  we 
a g a i n  h a l v e  th e  new t im e  i n c r e m e n t  and c o n t i n u e  d o i n g  t h i s  
u n t i l  one o f  c a s e s  A t o  C h a s  o c c u r r e d .  A f t e r  u s i n g  t h e  
a p p r o p r i a t e  e q u a t i o n s  t o  c a l c u l a t e  t e m p e r a t u r e  p r o f i l e s ,  we 
r e t u r n  t o  t h e  r e g u l a r  t im e  i n c r e m e n t  f o r  t h e  n e x t  t im e  s t e p .
F o r  e a c h  o f  t h e  g ro u p s  o f  e q u a t i o n s  a b o v e ,  t h e  f o l l o w ­
i n g  b o u n d a ry  and i n i t i a l  c o n d i t i o n s  a p p l y :
F o r  i  = 0 ,  0 = 0 ( 0 , 0 ) = 1 when t=0 o r  ( 6 7 )
t>o,o ^ u o
F o r  i  > 0 ,  0 g ( i h ^ , o )  = 0g^ = 0 a t  t=0 o r  7^=%* (68)
F o r  t h e  l i q u i d  p h a s e ,  no m a t t e r  t h e  v a lu e  o f  R ( j+ 1 )  -  R ( J ) ,  
t h e  f o l l o w i n g  g r o u p i n g s  h o l d .
( a )  I f  0 ^  R ( j+ 1 )  £  N-3 where  W i s  t h e  t o t a l  number  o f  
s p a c e  nodes  ( f ro m  0 a t  t h e  b o t to m  p l a t e  t o  II a t  t h e  to p  p l a t e ) ,  
t h e n  t h e  g o v e r n i n g  e q u a t i o n s  a r e
= ( 2- X j + i ) ( l - X j + i ) 8L a + i , j + 2P ( 6 9 )
‘h p Q
f o r  R+2 < 1 < N-1 (70)
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E q u a t i o n  (71)  I s  a b o u n d a ry  c o n d i t i o n  which  i s  s a t i s f i e d  a t  
t h e  to p  p l a t e .
(b )  I f  R(J + 1) = I I -2 ,  t h e  g o v e r n i n g  e q u a t i o n s  a r e
= + (72)
% . J  + 1 = + (^ 3 )
( c )  I f  R ( j  + 1) * N - 1 ,  t h e  g o v e r n i n g  e q u a t i o n  i s
(d)  I f  R ( j  + 1) = N, t h e n  t h e  e n t i r e  c o n t e n t  o f  t h e  c e l l  
h a s  s o l i d i f i e d  w i t h  t h e  t o p  p l a t e  J u s t  a t  t h e  e q u i l i b r i u m  
t e m p e r a t u r e  o f  s o l i d i f i c a t i o n .  The i n i t i a l  c o n d i t i o n  f o r  a l l  
t h e  f o r e g o i n g  g ro u p s  o f  e q u a t i o n s  i s
®L = 0 < 1 1  H (75)
i , o
“ ^ L o ^ ^ '^ o )  ” 1 a t  t h e  b o t to m  p l a t e .  (76)
F o r  t h e  c a l c u l a t i o n  o f  t h e  h e i g h t  o f  s o l i d  which
h a s  formed a t  t h e  ( J + l ) s t  t im e  s t e p ,  t h e  f o l l o w i n g  e q u a t i o n s  
a p p ly  :
F o r  0 < + ̂  j< 1 and 0 ^  R ^  N, e q u a t i o n  (77)  a p p l i e s
^J  + 1 “ + + Xj + i )  (77)
Also  when t h e  a p p r o p r i a t e  d e r i v a t i v e s  from e q u a t i o n  (32)
t h r o u g h  e q u a t i o n  (39)  a r e  s u b s t i t u t e d  i n t o  c o n d i t i o n  ( 5 i i )
o f  t h e  p o s t - s o l i d i f i c a t i o n  p r o b l e m ,  e q u a t i o n s  which  a p p ly
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f o r  c e r t a i n  v a l u e s  o f  R ( j  + 1) and a r e  o b t a i n e d  f o r  +
Thus
(a )  i f  1 /4  < Xj+^ ^  3 / 4 ,  we g e t
Sj + i = 8j + h^p(Ma^-JaL), for 1 < R < N-2 (78)
and + ̂ = Sj + h^p{(M/Xj^^) ( 1-0^^ - Ja^}, for R=0 (79)
and + ̂  = S j  + hgp{MOg-J(0L^ ̂ _^^ - l ) / (  l - x ^ ^ ^ ) } , f o r  R=N-1 (80)
The l i m i t s  o f  1 /4  £  ^ j  + i  £  3 /4  were  s e t  s o  as  t o  a v o i d  d i v i d i n g
by numbers  c l o s e  t o  o r  e q u a l  t o  z e r o  which  would  make t h e  
r e s u l t s  blow up .
(b )  I f  0 < x , . _  < 1 / 4 ,  we use  — j + i  *“
( 81 )Sj + l = + hg^p(Ma^ - for 2 < R  < N-3
or S . , - ,  = 8 ,  + h^p{ (M/b) ( l-0g ) -  J O r ) ,  for R=0J a o,J+l ^
where b = 1/4 (82)
3 8g
or W h e n  R = 1. ( ~ > i n t e r f a c e  . J + / ^ ' " V F  (^3)
SO that
Sj+i = Sj + haP(M(l-8so,j + i)/(l+Xj+i) - J*L}' (8%)
Sj+i = Sj + hap{HOg - J( 8L^ for R=M-2 (85)
S,^_ = S, + h-pCMo' - J(0r„ , -l)/(l-x_ )}, for R=.J- 1  (8 6 ) J + 1 J a s 4d,J + i  J + 1










S = S j  + -  J a p ,  f o r  2_<R£W-3 ( 8?)
j  + 1 = S j  + hap{(M/Xj + ̂ ) ( l - 8g^ -  J c p ,  f o r  R=0 (88)
j  + i  = S j  + h a P { M ( l - 83g j ^ ^ ) / ( l + X j  + ̂ ) -  J a p ,  f o r  R=1 (89)
S j  + i  = S j  + h ^ p d to g  -  J ( 8l,^ j ^ ^ - l ) / ( 2 - X j  + ̂ ) } ,  f o r  R=%-2 (90)
S . . ,  = 8 .  + h,,p{Ma„ -  J ( 8 r  - l ) / b } ,  f o r  R=H-1 (91 )j t i  J a o Ml, j  + 1
where  b = 1 /4
T r i d i a g o n a l  M a t r ix  o r  J a c o b i  Forms o f  F i n i t e  D i f f e r e n c e  
E q u a t i o n s  f o r  T e m p e r a tu r e
Each  o f  t h e  g ro u p s  o f  f i n i t e  d i f f e r e n c e  e q u a t i o n s  f o r  
t e m p e r a t u r e  t h a t  d e s c r i b e  b o t h  t h e  p r e - s o l i d i f i c a t i o n  and th e  
p o s t - s o l i d i f i c a t i o n  p ro b le m s  can  be a r r a n g e d  i n  J a c o b i  o r  
t r i d i a g o n a l  m a t r i x  e q u a t i o n s  o f  t h e  form
® o 9 o , j + r % 6 l , j + l  = d*
A i 9 i . l . j  + r B i 9 i , j + l - ^ C ^ ® i + l , j  + l  = , f o r  1 < 1 < N- 1  (92)
^ 4 ® N - l , j  + l'*'‘̂ N®i'l,j + l  “ djj
w here  B^,  C^, and d^ a r e  c o n s t a n t s  o b t a i n a b l e  f rom  t h e  
d i f f e r e n c e  e q u a t i o n s  t h e m s e l v e s .  Note  t h a t  i n  u s i n g  e q u a t i o n  
( 9 2 ) ,  we a r e  c a l c u l a t i n g  9^ f o r  t h e  ( j  + l ) s t  t im e  s t e p
w i t h  t h e  a s s u m p t io n  t h a t  0 . . f o r  t h e  J t i m e  s t e p  i s  known1 ,  J
f o r  e v e r y  i . T h u s ,  f o r  t h e  p r e - s o l i d i f i c a t i o n  p r o b l e m ,
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e q u a t i o n  (15)  and i t s  b o u n d a ry  and i n i t i a l  c o n d i t i o n s  15(1)  
t o  1 5 ( i i l )  can be  r e a r r a n g e d  i n t o  e q u a t i o n  (93)
(® L o>o ,J+ l  = ( h ) j + i / T e
" ^ ( ^ L o p - l . j  + P ^ d + P X S L o h . J + l ' ^ ^ ^ L o h + l . J + l
f o r  1 <, 1 <. N-1 (93)
( ® L o > « . j . i  = ( ^ 2 ) j  + r e
SO t h a t  f o r  t h e  (J  + l ) s t  t im e  s t e p ,  t h e  c o e f f i c i e n t s  o f  e q u a t i o n  
(92)  t a k e  on t h e  v a l u e s  i n  e q u a t i o n  (93)  o f





Bl 3 i + p .
Cl -5sp,
d f ^ ( 6
1+ , f o r  1 i  1 N-1
f o r  1 < 1 < N-1
d^ i s  e a s i l y  o b t a i n e d  s i n c e  ( 8 ^ ^ ) ^  j  i s  known f o r  e v e r y  i  
f o r  t h e  t im e  s t e p .  The above e q u a t i o n s  a p p ly  f o r  0 £ t < t * .
F o r  t h e  p o s t - s o l i d i f i c a t i o n  p r o b l e m ,  we c o n s i d e r  t h e  
e q u a t i o n s  a c c o r d i n g  t o  t h e  way i n  which  t h e y  were g ro u p e d  
i n  t h e  p r e v i o u s  s e c t i o n .  Thus f o r  t h e  s o l i d  p h a s e ,  f o r  t >t *Q—" O
o r  T > 0 , ( 1 )  I f  R(J+1)  -  R (J )  = 0 ,  t h e n
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( a )  i f  R(J+1) = 1 ,  e q u a t i o n  (48)  and t h e  b o u n da ry  con­
d i t i o n  (66)  g i v e
V sr_ i , j  + i  + ^ p f s R ^ j  + i  = dj, (94)
Where B = 1o
Co = 0
"o  = ( h ) j  + / ? e  
2 X p x , . ,
° “ b t ; : ' ”  * “ r °  ^ * j + i
«J -L
and
■J+1 S R . j  1+Xj+i
(b)  i f  R ( j+ 1 )  ^ 2 ,  t h e  b o u n d a ry  c o n d i t i o n  (66)  and 
e q u a t i o n s  (49)  and (50)  g i v e
* R ^ S R _ i , j+ i* ^ R ® S R , j+ i  "  dR
where  = 1 ,  = 0 ,  = ( h ^ J  + P ' ^ e
= -X p /2  f o r  1 £  i  £  R-1
B^ = 1 + Xp f o r  1 1  i  £  R-1
Cf = -X p /2  f o r  1 £  i  £  R-1
d, = %Xp8 + (1 -X p )8  +%Ap8g
^ ^ i - l j  1+1 ,  j
f o r  1 < i  < R-1
A, -2Xpx
' " ' j + 1
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(96)
Br = 21P+Xj+i  ; dR = X j + i8 s % ^ j+ 2 1 P / ( l+ X j+ i )
(11)  i f  R ( j+ 1 )  -  R ( j )  = 1 ,  t h e n
(a )  i f  R ( j+ 1 )  = 1 ,  b o u n d a ry  c o n d i t i o n  e q u a t i o n  (66)  and 
e q u a t i o n  (51)  g i v e
“ ^o
^ 'R ^SR - l , j  + l  ^^^®R,j  + l  "
w here  = 1 ,  = ( h p  + / ^ ' e *  “ °
A .  _ £ £ i l ü ,  B„ = '2Xp + i l ü  = 2 X p + l-x ,+ x  
R l+ X j^ ^  ^  a ^  J J + 1
(b)  i f  R(J + 1) = 2 ,  e q u a t i o n s  (52)  and (53)  t o g e t h e r  w i t h  
t h e  b o u n d a ry  c o n d i t i o n  g i v e
‘"o® 3 o ,J+ l  = d^
^ R - l® S R _ 2 J  + l'*’̂ R - l ' ^ 3 R - l , J  + l'*’*"R-l®®R,j+l " ^R-1
^ 'R^SR_l, j  + i* ^ R ^ 8 R , j  + l  " dR
where  B^ = 1 }  d^ = ( f i ) j + i / T g J  = 0 (97)
A R _ i= - lP :  Bp_i= l+2Xp;  C r_ i= -X p ;  S - r ® S R _ i ^ j  
— 2XpXj I -1 X . , 1
Ar = T+T J + P '  ; Br = 21P + 4 ^  = 2XP+1-Xj+Xj^^
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( c )  i f  R ( j+ 1 )  £  3 ,  é q u a t i o n s  ( 5 4 ) ,  ( 5 5 ) ,  and (5 6 )  t o g e t h e r  
w i t h  t h e  b o u n d a ry  c o n d i t i o n  g i v e
“ «‘ ■ o . J . l  ■
+ + + l  ^ i  f o r  1 < 1 < R-2
V l ® S R _ 2 , j  + p B j , - l® S R _ i  j  + i +'^r_1®Sr j  + i  = <3r_ i  (98)
*J1^®R-1,J + / ^ B ® 3 r J  + 1 " dp
where  B^ ,  C^, d ^ ,  B ^_^ ,  CR_^, d ^ _ ^ ,  A^, Bj  ̂ and
h ave  t h e  same v a l u e s  as i n  p a r t  (b )  above and 
Aj, = -^Xp f o r  1 £  1 £  R-2
B^ = 1+Xp f o r  1 £  i  £  R-2
= -^Xp f o r  1 £  i  £  R-2
d. = ^XpQg + (1 -X p )0  +'|Xp0,. f o r  1 < i  < R-2
1 ® 1 - 1 J  d i + i , j  -  -
( i l l )  I f  R ( j+ 1 )  -  R (J )  = 2 ,  t h e n
( a )  i f  R ( j+ 1 )  = 2 ,  e q u a t i o n s  ( 5 7 ) ,  ( 5 8 ) ,  and (66)  g i v e
^ o ^ S o , j + i  " ^o
A R-lG sR_2 , j  + l + B R _ l 8 s R _ i , j  + i+C R _i68R , j  + i  = (99)
* R 8 3 R - l , j+ l+ ^ R ° S R ^ j+ i  = dR
where  B^,  d ^ ,  and h av e  t h e  same v a l u e s  as i n  p a r t  ( i i )  
above ;
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AR- 1  = " V p P  °  -Xp(l+Xj + ̂ ) / ( 2-Xj+Xj + i )
Br,
'R
= l+2Xpa^_^ = l + 2 X p ( l + X j + ^ ) / ( 2 - x  +Xj+^)
= - A p a ^ . i  = - X p ( l + X j + ^ ) / ( 2 - X j + X j + i )  
d R - l  = l ;  &R = Br = 2Xp + ^  = 2Xp+2_Xj+Xj+^
dR = ^  °  + 2 -  Xj + %j+i
(b )  I f  R ( j  + 1) = 3 ,  é q u a t i o n s  (59)  t o  ( 6 0 ) p l u s  t h e  
b ou n d a ry  c o n d i t i o n  e q u a t i o n  ( 6 6 ) g i v e
^ o ^ 3 o , J + l  ~
\ - 2 ® ® R - 3 , J  + i '*'^R-2®Sr_ 2 j  + i+dR_2®SR_i J  + 1 = 8r_2 ( 1 0 0 )
*R-1®3r_ 2 J  + J B r_;L®Sr_ i j  + P ‘1r-1®Sr j  + i  = dR_i
V s r_ i j  + i +Br 6s r ^j ^.3̂ = dR
where  C^, d ^ ,  Ar_ i , Br_^^, Cr_ i , dR_j_, Ar , Br , dp  have  t h e
same v a l u e s  as i n  p a r t  ( a )  a b o v e ,
Ar_ 2 = - x p j  B^_2 = l+2Xp; Cr_ 2 = -X p;  ÜR_2 = @SR_2,j
( c )  i f  R(J+1)  £  4 ,  e q u a t i o n s  (62)  t o  ( 6 5 ) and e q u a t i o n  
(66)  g iv e
" o 8 s o , j  + l  = '"o
+ 1 1  1 1  R-3
^R-2®Sr-3 J  + i '̂ Br_20sr_2 j  + i+dR_20SR_i J  + 1 = <1r_2 dOD
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V F sr_2 j  + + = ÜR_i
* R ^ S R - l , j + l  '*’ ^ R ^ S R , j+ i  “ dR
Where C^, d ^ ,  A^_2 * %R_2, ^ r - 2 *  ^ H -2 » ^R-1» ^R-1* ^R-1»
^R-1* ^R* have  t h e  same v a l u e s  as i n  p a r t  (b )  a b o v e ,  and
Aj_ = -^Xp f o r  1 £  i  £  R-3 
Bj_ = l+2Xp f o r  1 £  i  £  R-3 
Cf = -^Xp f o r  1 £  i  £  R - 3
d l  = %^P8si , + (1 -X p)8g  +%Xp8g
-‘•--‘■«J 1 , J  1+1 ,
F o r  t h e  l i q u i d  p h a s e ,  i f
( a )  0 £  R ( j+ 1 )  £  N -3 ,  t h e n  e q u a t i o n s  (69)  t o  (71)  g i v e
f o r  1 < i  < R-3
J
B R + l® L R + ij  + i+dR+i6L R +2, j  + l  “ "^R+1
( 1 0 2 )
A. 8, +B 
1 B l - l j  + i l ^ L l , j + l * ^ i ^ ^ l + l , J + l  ~ -
where  6%+^ S3 ( 2 - x , + ^ ) ( l + 2 p - X j )
dR+1 - 2 p ( l - X j ^ ^ )
dR+1 ( 2 - Xj + l )  ( l - X j  + i )0L j^+ l^ j+2p
4 - ^ p f o r  R+2 £  i  £  N-1
Bi 1+P f o r  R+2 £  i  £  N-1




a ( f 2
(b )  i f  R(J+1) a R,- 2 ,  e q u a t i o n s  (72)  and (73)  g iv e
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Br+1®Lr+ i  j  + = dR+i
(103)
® N ® % J + 1 = %
W h e r e  B,,  ̂ a n d  d-,  ̂ h a v e  t h e  s a m e  v a l u e s  as i n
p a r t  ( a )  a b o v e .
( c )  i f  R(J+1) = N -1 ,  t h e n
and t h e  t e m p e r a t u r e  p r o f i l e  f o r  0 £  i  £  N-1 i s  o b t a i n e d  from 
t h e  s o l i d  p h a s e .
S o l u t i o n s  o f  G o v e rn in g  F i n i t e  D i f f e r e n c e  E q u a t i o n s  
Each o f  t h e  t r i d i a g o n a l  m a t r i x  e q u a t i o n s  (93)  t o  (103)  
h a s  a  s o l u t i o n  g i v e n  by t h e  s o l u t i o n  o f  e q u a t i o n  ( 9 2 ) as 
f o l l o w s  :
®N,J+1 “ %
® l . j  + l  “ + i  f o r  0 < i  < N-1 (105)
do
w h e r e  5 P q  "
= (dj_ -  A^q^_^)/(Bj_-Aj_bj__^) f o r  1 < 1 £  N
and b^ = C^/(B^ -  A^b^_^) f o r  1 £  i  £  N-1
E q u a t i o n  (105)  a p p l i e s  as  i t  i s  t o  t h e  p r e - s o l i d i f i c a t i o n  
p ro b le m  f o r  0 £  t g  £  T^. F o r  t h e  p o s t - s o l i d i f i c a t i o n  p r o b l e m ,  
e q u a t i o n  ( 1 0 5 ) becomes f o r  t h e  s o l i d  p h a se
®®R,J + 1 ~
S . j + 1  “ '^1 -  B i S + i . j + i '  '  -  " -
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dowhere = g -  = = C^/B^ = 0
“ (d i-A ^q^_^)/ (B ^-A ^bi_^)  f o r  1 £  1 £  R
and = C^/(B^-A^b^_^) f o r  1 £  1 £  R-1
and f o r  the  l i q u i d  p h a s e ,  i t  becomes
% , j  + l  = % (107)
J + 1  " '’ i"*^i®i‘i + i , j + i  R+1 1  1 1  H - i
N9i  “ ( d l “ Aj_q^_2̂ )/(Bj_-A^b^_j^) f o r  R+2 £  i  ^  i
Bf “ Oj^/CB^-Aj^b, ) f o r  R+2 ^  1 £  H-1
I r+ I  “ dR+i/ÜR+i and b ^ ^^  “
We s t a r t  a t  t im e  = 0 t o  s o l v e  t h e  p r e - s o l i d i f i c a t i o n  
p r o b le m .  T h u s ,  f o r  j = 0 ,  ( 8^ ^ ) ^  ^ = T^/T^ f o r  0 £  i  £  N.
Thus we can f i n d  t h e  t e m p e r a t u r e  p r o f i l e ,  ( 8^ ^ ) ^  f o r  e v e r y  
i  by u s i n g  e q u a t i o n  ( 1 0 5 ) s i n c e  a l l  t h e  c o n s t a n t s  a r e  now 
known. F o r  t h e  n e x t  t im e  s t e p  ( i . e .  j = l ) ,  we c a l c u l a t e  ( 8^ ^ ) ^  ^ 
by u s i n g  t h e  v a l u e s  o f  ( 8^ ^ ) ^  which  we have  f o u n d ,  t o  c a l ­
c u l a t e  t h e  c o n s t a n t s  t o  be u s e d  i n  e q u a t i o n  ( 1 0 5 ) .  Thus we 
c o n t i n u e  c a l c u l a t i n g  ( 8^ ^ ) ^  j + i ,  ( f o r  0 £  i  £  N ) , f o r  e ach  
g i v e n  j  u n t i l  j  = j *  s u c h  t h a t ,  a t  t h e  b o t to m  p l a t e ,
( 8r ) > 1 .0  and ( 8+^) < 1. At su c h  a t im e  we have
L o  o , J *  —  u o  0 , J * + 1
r e a c h e d  x*. A f t e r  j *  i s  l o c a t e d ,  we c a l c u l a t e  i*  by t h e
e q u a t i o n
T* = k ( j *  + r )  ( 1 0 8 )o a
T 1289 63
( 8j ^q ) q  . ^  “  1*0
w here  r  = —T— - ..........  a p p r o x i m a t e s  t h e  f r a c t i o n
l * L o ' o , j *  "  l * L o ' o , j * + l
o f  f u l l  t im e  i n c r e m e n t ,  which  i s  n e e d e d  t o  c o o l  t h e  t e m p e r a ­
t u r e  o f  t h e  b o t to m  p l a t e  from j »  t o  1 . 0 ,  Note  t h a t
t h e  d i m e n s i o n l e s s  e q u i l i b r i u m  t e m p e r a t u r e  o f  s o l i d i f i c a t i o n  
o f  n - h e x a d e c a n e  i s  e q u a l  t o  1 . 0 .  To f i n d  t h e  t e m p e r a t u r e  p r o ­
f i l e  o f  t h e  l i q u i d  a t  t^ ,  we t a k e  t h e  t e m p e r a t u r e  o f  t h e
b o t to m  p l a t e  t o  be  1 . 0  a t  t * ,  i . e .  8  ̂ ( 0 ,%*) = 1 . 0  and  i n s t e a do '  Lo o
o f  t a k i n g  t im e  i n c r e m e n t  t o  be k ^ ,  we t a k e  t h e  f r a c t i o n  
k^new = k f  < k t o  be o u r  new t im e  s t e p ,  and t h e r e f o r e  th eCL d  &
new v a lu e  f o r  p f o r  t h i s  s t e p  i s  p = p r .  The v a l u e  f o r  rnew
and  t h e  known t e m p e r a t u r e  p r o f i l e s  ( 8^ ^ ) ^  ^^ a r e  now u s e d  i n  
e q u a t i o n  (109)  t o  c a l c u l a t e  G^o^^ha* x * ) :
We now know x* and t h e  t e m p e r a t u r e  p r o f i l e  8^^(ihj^,XQ) f o r
th e  p r e - s o l i d i f i c a t i o n  p r o b le m  f o r  0 < i  < N and 0 < x_ < x* .  
We now s t a r t  t h e  c a l c u l a t i o n s  f o r  t h e  p o s t - s o l i d i f i c a t i o n  
p r o b le m .
To s t a r t ,  s e t  x=0. T h is  c o r r e s p o n d s  t o  x = x -  x* = 0 '  o o
a t  x^ = X * .  We s t a r t  o f f  a g a i n  a t  j  = 0 c o r r e s p o n d i n g  t o  Ax
i n c r e m e n t s .  The f i r s t  t im e  s t e p  f o r  t h e  p o s t - s o l i d i f i c a t i o n
p ro b le m  i s  a  f u l l  t im e  s t e p .  A lso  t h e  f i r s t  v a lu e  u se d  f o r  p
c o r r e s p o n d s  t o  a f u l l  t im e  s t e p .  These  v a l u e s ,  t o g e t h e r  w i t h
8 ( i h  ,x * )  w hich  we have  c a l c u l a t e d  a r e  u se d  i n  t h e  f i r s t  Lo a  o
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c a l c u l a t i o n s .  The t e m p e r a t u r e  o f  th e  b o t to m  p l a t e  i s  t a k e n
as t h e  t e m p e r a t u r e  o f  t h e  s o l i d  p h a se  a t  1 = 0 .  We th u s
have  th e  f i r s t  e s t i m a t e s  o f  t e m p e r a t u r e  p r o f i l e s  i n  t h e  
l i q u i d  and s o l i d  p h a s e s  a t  i  = 0 .  We now p r o c e e d  t o  e s t i m a t e  
R(J+1) and and t o  c a l c u l a t e  as  f o l l o w s .
E s t i m a t i o n  o f  R j + i ,  X j+ i  and C a l c u l a t i o n  o f  S j + q .
F i r s t  o f  a l l ,  we s e t  S j  = 0 ,  R ( j )  = 0 ,  Xj ~ 0 ,  a t  J = 0 ,
Next  we a ssu m e ,
= % h a  (110)
Sj  + ̂  i s  t h e  f i r s t  a p p r o x i m a t i o n  o f  Sy^^ .  S i n c e  R(J + 1) i s  an 
i n t e g e r  and 0 ,0  £  £  1 . 0 ,  we can f i n d  R(J + 1) and Xj^^
from Sj  + ̂  s i n c e  s j ^ ^  = h ^ ( R j^ ^  + ^ j  + 1^ ‘ (77)
We now have  R(J + 1) and Xj^^ t o  use  i n  s t a r t i n g  o u r  more 
a c c u r a t e  c a l c u l a t i o n s .  We may now rename s j + ^  as  S j ^ ^ ( o l d ) .  
U s ing  t h e  v a l u e s  o f  R ( j+ 1 )  and Xj+^ which  we now h a v e ,  we can 
go b ack  t o  c a l c u l a t e  new t e m p e r a t u r e  p r o f i l e s  e m p lo y in g  w h ich ­
e v e r  o f  e q u a t i o n s  (94)  t o  (102)  a p p l i e s ,  a s  d e t e r m i n e d  by t h e  
v a l u e s  o f  R ( j + 1 ) - R ( j ) ,  X j+^ ,  and R ( j + 1 ) .  We a l s o  c a l c u l a t e  a 
new v a lu e  f o r  S j ^ ^ ,  (w h ich  we w i l l  c a l l  S j ^ ^ ( n e v ; ) ) ,  by u s i n g  
w h i c h e v e r  o f  e q u a t i o n s  ( 7 8 ) t o  (91)  t h a t  a p p l i e s  as d e t e r ­
mined by v a l u e s  o f  R ( j + 1 ) ,  X j^ ^ ,  and o f  R ( j + 1 ) - R ( j ) .  We check  
S j + i ( n e w )  a g a i n s t  S j ^ ^ ( o l d )  and i f  t h e  a b s o l u t e  v a lu e  o f  t h e i r  
d i f f e r e n c e  e x c e e d s  a  c e r t a i n  num ber ,  e ,  d e t e r m i n e d  by e r r o r  
a n a l y s i s ,  we s e t  S j ^ ^  = î${Sj_ j , ^ ( o ld ) + S j^ ^ ( n e w ) }. Again we use
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i n  e q u a t i o n  (77)  t o  f i n d  R(J + 1) and which  a r e  t o  be
u s e d  t o  f i n d  new t e m p e r a t u r e  p r o f i l e s  and new Thus i n
summary, t h e  s t e p s  a r e  o u t l i n e d  be lo w .
(1 )  Use e q u a t i o n  (110)  t o  f i n d  f o r  t h e  f i r s t
f u l l  t im e  s t e p .
(2 )  S e t  s j ^ ^  e q u a l  t o  S j ^ ^ ( o l d ) .
(3 )  Use e q u a t i o n  (77) t o  c a l c u l a t e  R(J+1)  and x^^^  n o t i n g
t h a t  R i s  an i n t e g e r  b e tw e e n  0 and N and t h a t  0 < x .^ ^  < 1 .— J+1 —
(4)  Use v a l u e s  which  have  b e e n  found  f o r  R and x. ^_
j  + 1
i n  t h e  a p p r o p r i a t e  e q u a t i o n s  t o  c a l c u l a t e  new t e m p e r a t u r e  
p r o f i l e s .
(5 )  C a l c u l a t e  S j^ ^ ( n e w )  u s i n g  w h i c h e v e r  o f  e q u a t i o n s  ( 7 8 ) 
t o  ( 9 1 ) t h a t  a p p l i e s .
(6 )  I f  a b s { S j ^ ^ ( o l d )  -  Sj_^^(new)} > e ,  s e t  S j  + ̂  e q u a l  t o
îâ{Sj^^(new) + S j  + ̂ t o l d ) }  and r e p e a t  s t e p s  (2)  t o  (6 )  u n t i l
a b s { S . . - ( o l d )  -  S . . T ( n e w) }  < e .  S . . ,  i s  now known f o r  t h i s  j  + i  J + 1 ** J T i
t im e  s t e p  and S j +2  = S j ^ ^ ( n e w ) ,  and = S j  + ̂  -  S j .
The f i r s t  t im e  s t e p  i s  now t a k e n  as f u l l y  c a l c u l a t e d .  We 
r e t u r n  t o  more t im e  s t e p s ,  e i s  c a l c u l a t e d  from a n a l y s i s  o f  
t r u n c a t i o n  e r r o r s  o f  t h e  f i n i t e  d i f f e r e n c e  e q u a t i o n s .
'-'-For t h e  s e c o n d  t im e  s t e p ,  s e t  found  from t h e  p r e ­
v io u s  t im e  s t e p ,  e q u a l  t o  AS . ,  and l e t  t h e  new AS t o
ASbe u s e d  f o r  o u r  new t im e  s t e p  be AS,.-,  = ( i ^ )  k _ , A lso  s e t
t h e  S j  + ̂ ,  X j^ ^ ,  R j^^  from  t h e  f i r s t  t im e  s t e p  e q u a l  t o  S ^ ,
X , and  R , , r e s p e c t i v e l y .  T h e r e f o r e ,  f o r  t h e  s e c o n d  t im e
J J
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s t e p ,  t h e  f i r s t  a p p r o x i m a t i o n  f o r  i s  + ̂  = S j  +
^ j  + 1 riow u s e d  t o  r e p e a t  s t e p s  (2)  t o  (6)  s t a t e d  p r e v i o u s l y
u n t i l  t h e  s e c o n d  t im e  s t e p  i s  f u l l y  c a l c u l a t e d .  Fo r  more
t im e  s t e p s ,  we p r o c e e d  as b e f o r e  by s e t t i n g  th e
and from o u r  p r e v i o u s  t im e  s t e p  e q u a l  t o  S j , , and ,
r e s p e c t i v e l y ,  and by o b t a i n i n g  o u r  new AS^^^ from th e  r e l a t i o n
m a g n i tu d e  o f  new t im e  i n c r e m e n t  \^
= (ASj )  ( m a g n i tu d e  o f  p r e v i o u s  t im e  i n c r e m e n t
Then = S j  + ^ ^ j + i *  w h ich  we t h e n  use  i n  s t e p s  (2)  t o  (6 )
o u t l i n e d  p r e v i o u s l y .  We c o n t i n u e  t h i s  s o r t  o f  c a l c u l a t i o n  
u n t i l  t h e  e n t i r e  c o n t e n t  o f  t h e  c e l l  i s  f r o z e n ,  when = 1 . 0 .
Thus i s  c a l c u l a t e d  by i t e r a t i o n ,  and th e  t e m p e r a t u r e
p r o f i l e s  a r e  d i m e n s i o n l e s s , b u t  a r e  e a s i l y  c o n v e r t e d  i n t o  
d im e n s io n e d  v a l u e s .
S t a b i l i t y  C r i t e r i a  f o r  G o v e rn in g  F i n i t e  D i f f e r e n c e  E q u a t i o n s
By d e f i n i t i o n  R ( j+ 1 )  i s  a  n o n - n e g a t i v e  i n t e g e r  be tw ee n
0 and N where  N i s  t h e  t o t a l  number o f  no des  i n  t h e  s p a c e
d i r e c t i o n  a l o n g  z .  Thus R ( j+ 1 )  i s  an i n t e g e r  such  t h a t
0 < R < N. A lso  x . , ^  i s  by d e f i n i t i o n  a f r a c t i o n  be tw een  — — j + i
0 and 1. I t  i s  a l s o  n o n - n e g a t i v e .  T h e r e f o r e ,  x^^^  must  l i e  
i n  t h e  r e g i o n  0 £  1  R(J+1) and x^^^  must  s a t i s f y
t h e s e  c o n d i t i o n s  l e s t  t h e r e  a r i s e  i n s t a b i l i t y  i n  t h e  s o l u t i o n  
o f  t h e  d i f f e r e n c e  e q u a t i o n s .  R( J )  and x^ must  a l s o  s a t i s f y  
t h e  same c o n d i t i o n s  as  R ( j+ 1 )  and x ^ ^^ .  I f  t h e  c o e f f i c i e n t  
o f  any t e m p e r a t u r e  0^ j  o r  0^ were t o  o s c i l l a t e  f r e e l y
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b e tw e e n  p o s i t i v e  and n e g a t i v e  v a l u e s ,  t h e  s o l u t i o n s  t o  t h e  
d i f f e r e n c e  e q u a t i o n s  would  become u n s t a b l e .  T h u s ,  f o r  s t a b i l ­
i t y ,  we i n s i s t  t h a t  t h e  c o e f f i c i e n t s  o f  0^  ̂ o r  0^ r e t a i n
t h e  same s i g n  t h r o u g h o u t  t h e  s o l u t i o n .  Thus i f  t h e  c o e f ­
f i c i e n t  o f  0^ j  i s  p o s i t i v e  f o r  any i , j ,  i t  m us t  s t a y  g r e a t e r  
t h a n  o r  e q u a l  t o  z e r o  f o r  any o t h e r  i , j .  I f  i t  i s  n e g a t i v e  
f o r  any i , j ,  i t  must  s t a y  l e s s  t h a n  o r  e q u a l  t o  z e r o  f o r  any 
o t h e r  i , J ,  These  c o n d i t i o n s  m us t  be p a r t i c u l a r l y  so  s i n c e  
t h e  t e m p e r a t u r e s  T and Te w h ich  g i v e  0 by t h e  e q u a t i o n  0 = T/Te 
a r e  d e f i n e d  on th e  a b s o l u t e  t e m p e r a t u r e  s c a l e  and m us t  t h e r e ­
f o r e  e a c h  be n o n - n e g a t i v e  f o r  any i , J ,  Thus 0, . m u s t  be1 , J
n o n - n e g a t i v e .  With  t h e s e  p o i n t s  i n  m in d ,  we check  e a c h  o f  
t h e  e q u a t i o n s  t h a t  g i v e  t h e  t e m p e r a t u r e  p r o f i l e s  0^ and
impose  on i t  t h e  c o n d i t i o n  t h a t  none o f  t h e  c o e f f i c i e n t s  may 
change  s i g n .  On c h e c k i n g  e q u a t i o n s  (48)  t h r o u g h  (91)  we f i n d  
t h a t  f o r  s t a b l e  s o l u t i o n s  t h e  f o l l o w i n g  c o n d i t i o n s  m us t  be 
s a t i s f i e d :
0 < X ,  < 1  ( 1 1 1 ( a ) )
0 < X , . ,  < 1 ( 1 1 1 ( b ) )j  + 1 —
R m ust  be an i n t e g e r  su c h  t h a t  0 £  R( j )  N ( 1 1 2 ( a ) )
and 0 < R(J+1) < N ( 1 1 2 ( b ) )
0 1  J 1  1 ( 1 1 3 )
1 -  Xp > 0  (114)
1 -  p > 0  ( 1 1 5 )
^ 0 ( 1 1 6 )
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E q u a t i o n  ( I I 6 ) m e re ly  s t a t e s  t h a t  i f  a p o s i t i o n  n o d e ,  1 ,
h a s  s o l i d i f i e d  a t  t h e  t im e  s t e p ,  i t  s h o u l d  s t a y  s o l i d i f i e d
d u r i n g  t h e  ( J + l ) s t  t im e s t e p  s i n c e  n e t  h e a t  i s  b e i n g  removed
2
a l l  t h e  t im e  from t h e  s y s t e m ,  p = k ^ / h  and p i s  p o s i t i v e  
f o r  p o s i t i v e  t im e  s t e p .  From e q u a t i o n  ( 1 0 9 ) ,  1 -  2 rp  0 (117)  
f o r  s t a b l e  s o l u t i o n s .  S i n c e  0 £  r  _< 1 ,  t h e  maximum v a lu e  i s  
r  = 1 , T h e r e f o r e ,  e q u a t i o n  (117)  i s  s a t i s f i e d  I f
1 -  2p > 0 ( 1 1 8 )
T h e r e f o r e ,  t h e  maximum v a lu e  o f  p above w hich  t h e  s o l u t i o n s  
become u n s t a b l e  and be low  w hich  t h e  s o l u t i o n s  a r e  s t a b l e  i s  
g i v e n  by e q u a t i n g  t h e  l e f t  h a n d  s i d e  o f  e i t h e r  e q u a t i o n  (114)  
o r  e q u a t i n g  ( I I 8 ) t o  z e r o .  Which o f  t h e  two v a l u e s  o f  p t o  
a c c e p t  as  t h e  a c c e p t a b l e  maximum d epends  on t h e  v a l u e  o f  X,
X i s  n o n - n e g a t i v e  s i n c e  X = a ^ / a ^ .  T h u s ,
P m a x . l  =
Pmax . 2  = 1 /2  1 1 9 (b )
T h u s ,  i f  X i s  l e s s  t h a n  2 ,  t h e n  p , i s  g r e a t e r  t h a n  h  and
Hi  w X  ^ JL
p g i s  t h e  a c c e p t a b l e  p s i n c e  i t  s a t i s f i e s  b o t h  e q u a t i o nlUaX  ̂^ IÏ13.X
(114)  and  ( 1 1 8 ) ,  I f  X i s  g r e a t e r  t h a n  2 ,  t h e n  p ^^^  ^ i s  t h e
a c c e p t a b l e  p s i n c e  i t  s a t i s f i e s  b o th  e q u a t i o n s  (114)  and ^ max
( 1 1 8 ) i n  t h i s  c a s e .  H av ing  s e l e c t e d  p ^ ^ ^ ,  we now know t h a t
any v a l u e  o f  p t h a t  s a t i s f i e s  t h e  i n e q u a l i t y  e q u a t i o n
0 < p < p w i l l  g iv e  s t a b l e  s o l u t i o n s .  Thus i f  h„ h a s  — ^max a
b e e n  c h o se n  and f i x e d ,  t h e  k ^ ' s  t h a t  w i l l  g iv e  s t a b l e  s o l u ­
t i o n s  a r e  g i v e n  by t h e  i n e q u a l i t y  e q u a t i o n .
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0 < k ^  kĝ  where  k̂  ̂ I s  g i v e n  by
^ max max
2 2 k = h /X o r  k = ,  d e p e n d in g  on w h e t h e r  X i s
^raax ^ *max ^
g r e a t e r  t h a n  2 o r  l e s s  t h a n  2,
T 1289
EXPERIMENTAL EQUIPMENT AHD PROCEDURE
A s h o r t  d e s c r i p t i o n  o f  t h e  main components  o f  t h e  e x p e r i ­
m e n t a l  e q u ip m e n t  and an a c c o u n t  o f  t h e  e x p e r i m e n t a l  p r o c e d u r e  
a r e  g i v e n  i n  t h i s  s e c t i o n .
E qu ipm en t
The p r i n c i p a l  e l e m e n t  o f  t h e  e q u ip m en t  was t h e  t e s t  c e l l .  
The a u x i l i a r y  e l e m e n t s  were  t h e r m o c o u p le  a s s e m b ly ,  one 4- 
c h a n n e l - c o n t i n u o u s - t e m p e r a t u r e  r e c o r d e r ,  a  p o w e r - d r i v e n  pump 
and a  r e f r i g e r a t o r .  Each e l e m e n t  i s  g i v e n  a c o n c i s e  d e s c r i p ­
t i o n  b e lo w .
T e s t  C e l l ; The t e s t  c e l l  ( F i g .  9) had  a c o n s t a n t  s q u a r e  
c r o s s - s e c t i o n  o f  e x t e r n a l  d i m e n s io n s  5 i n .  and o v e r a l l  h e i g h t  
o f  3- 1 5 /3 2  i n .  I t  was composed o f  a  c o o l i n g  chamber  which  
was s e a l e d  w i t h  s o f t  s o l d e r  t o  one f a c e  o f  an 1 / 8 - i n . - t h i c k  
c o p p e r  p l a t e  ( t h e  b o t to m  p l a t e  o r  c o l d  p l a t e ) ;  a p l e x i - g l a s s  
frame 1 - 1 5 /3 2  i n .  h i g h  w h ich  was s e a l e d  w i t h  s o l d e r  t o  t h e  
b o t to m  p l a t e  t o  form t h e  chamber  i n  w hich  t h e  t e s t  m a t e r i a l ,  
n - h e x a d e c a n e , would  be c o n t a i n e d ;  and a n o t h e r  1 / 8 - i n , - t h i c k  
c o p p e r  p l a t e  ( t h e  to p  p l a t e )  w h ich  was i n  t u r n  a t t a c h e d  t o  
t h e  o t h e r  end  o f  t h e  p l e x i - g l a s s  f rame by means o f  b o l t s  and 
s c r e w s .  F i g u r e  (10)  shows t h e  e x p lo d e d  view o f  t h e  t e s t  c e l l .
The c o o l i n g  chamber  ( F i g .  11) was c o n s t r u c t e d  from 
4 ; - i n . - t h i c k  c o p p e r  p l a t e s .  The v o i d  o f  t h e  c o o l i n g  chamber 
h ad  a s q u a r e  b a se  o f  4 ^ r i n .  s i d e s  and a h e i g h t  o f  I h  i n .
70
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F ig u re  10.  Exploded view o f  t e s t  c e l l
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F ig u re  11. C oo l in g  chamber.
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E x t e r n a l l y ,  t h e  c o o l i n g  chamber  had  a s q u a r e  b a s e  o f  5 - l n .  
s i d e s  and a h e i g h t  o f  1 - 3 / ^  i n .  On e ach  o f  i t s  v e r t i c a l  
s i d e s  and v e ry  c l o s e  t o  t h e  b o t to m  p l a t e ,  t h e  c o o l i n g  chamber 
c a r r i e d  two e q u a l l y  s p a c e d  3 / 8 - i n . - e x t e r n a l - d i a m e t e r  c o p p e r  
t u b e s  which  s e r v e d  as  o u t l e t s  f o r  t h e  c o o l a n t .  Each tu b e  
was 1 i n .  l o n g .  T h u s ,  t h e r e  were  e i g h t  o f  t h e s e  s i d e  t u b e s  
i n  a l l .  A l s o ,  a t  t h e  c e n t e r  o f  i t s  b a s e ,  t h e  c o o l i n g  chamber 
h ad  one 3 / 8 - i n . - e x t e r n a l - d i a m e t e r  c o p p e r  t u b e  which  s e r v e d  
as  i n l e t  f o r  t h e  c o o l a n t .  T h i s  l a s t  tu b e  was a l s o  1 i n .  l o n g .  
T h u s ,  t h e  chamber made i t  p o s s i b l e  f o r  a c o o l a n t  f o r  t h e  
b o t to m  p l a t e  t o  f low  i n  t h r o u g h  t h e  b a s e  t u b e  and f low  o u t  
t h r o u g h  th e  e i g h t  s i d e  t u b e s .  The c o o l a n t  u se d  was l i q u i d  
m e t h a n o l .
The b o t to m  p l a t e  ( F i g .  12) was s im p ly  a  5 - i n . - s q u a r e  
c o p p e r  p l a t e  o f  1 / 8 - i n .  t h i c k n e s s .  I t  was s o l d e r e d  t o  th e  
c o o l i n g  chamber  on one f a c e  and t o  t h e  p l e x i - g l a s s  f rame on 
th e  o t h e r .  On t h e  c e n t e r  o f  t h e  f a c e  which  was s o l d e r e d  t o  
t h e  p l e x i - g l a s s  f r a m e ,  i t  c a r r i e d  a c o p p e r - c o n s t a n t a n  the rm o ­
c o u p l e .  The th e r m o c o u p le  was a d m i t t e d  t h r o u g h  a h o l e  which  
had  b e e n  d r i l l e d  on a s i d e  o f  t h e  p l e x i - g l a s s  frame and which 
was t h e r e a f t e r  s e a l e d  w i t h  epoxy r e s i n .
The p l e x i - g l a s s  f rame ( F i g .  12) was m ach ined  o u t  o f  a 
t h i c k  p l e x i - g l a s s  s l a b .  The f rame was h - - ± n ,  t h i c k ,
1 - 1 5 / 3 2 - i n ,  h i g h  and had  a 5 - i n . - s q u a r e  o u t s i d e  c r o s s - s e c t i o n .  
I t  was s o l d e r e d  a t  one end t o  t h e  s i d e  o f  t h e  b o t to m  p l a t e  
t h a t  c a r r i e d  a t h e r m o c o u p l e ,  w i t h  t h e  r e s u l t i n g  f o r m a t i o n  o f
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F igu re  12,  P l e x i - g l a s s  chamber f o r  t e s t  m a t e r i a l .
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a chamber  o f  4 - l n » - 8 q u a r e  c r o s s - s e c t i o n  and 1 - 1 5 / 3 2 - i n .  
h e i g h t .  T h is  chamber  would  c o n t a i n  t h e  t e s t  m a t e r i a l  and 
i t s  h e i g h t  o f  1 - 1 5 / 3 2  i n .  would  be t h e  h e i g h t  r e f e r r e d  t o  as 
h i n  t h e  p r e s e n t  s t u d y .  At t h e  o t h e r  e n d ,  t h e  p l e x i - g l a s s  
f rame h a d  e i g h t  s c r e w e d - l n  b o l t s  w i t h  one a t  e ach  c o r n e r  and 
one a t  t h e  m id d le  o f  e a c h  e d g e .  The top  c o p p e r  p l a t e  would  
be a t t a c h e d  t o  t h e  t e s t  c e l l  by means o f  t h e s e  b o l t s .  The 
fram e c a r r i e d  two c o p p e r - c o n s t a n t a n  t h e r m o c o u p l e s  on i t s  
s i d e  a t  d i s t a n c e s  o f  14 /32  i n .  ( o r  l 4 h / 4 ? )  and 30/32  i n .
( o r  3 0h /4 7 )  from t h e  b o t to m  p l a t e .
The to p  p l a t e  ( F i g ,  13) was a n o t h e r  5 - l n . - s q u a r e  c o p p e r  
p l a t e  o f  1 / 8 - i n .  t h i c k n e s s .  At t h e  c o r n e r s  and t h e  c e n t e r s  
o f  e ac h  o f  i t s  f o u r  e d g e s ,  h o l e s - w e r e  d r i l l e d  t o  r e c e i v e  t h e  
b o l t s  f rom th e  p l e x i - g l a s s  f r a m e .  Screws would t h e n  be  u sed  
t o  b o l t  t h e  p l a t e  down on t h e  p l e x i - g l a s s  f r am e .  T h ere  were 
two main r e a s o n s  f o r  u s i n g  b o l t s  and s c re w s  h e r e  i n s t e a d  o f  
s o l d e r  s e a l .  The f i r s t  r e a s o n  was t h a t  t r y i n g  t o  s e a l  a 
c o p p e r  p l a t e  on t o  t h e  p l e x i - g l a s s  f rame was ve ry  d i f f i c u l t  
s i n c e  th e  p l e x i - g l a s s  t e n d e d  t o  m e l t  b e f o r e  t h e  c o p p e r  p l a t e  
c o u l d  be h o t  enough t o  g iv e  a good s e a l .  A l though  i t  was 
r e l a t i v e l y  e a s y  t o  a t t a c h  th e  p l e x i - g l a s s  frame by s o l d e r i n g  
on t o  a  h o t  c o p p e r  p l a t e ,  i t  was n o t  as  e a s y  t o  a t t a c h  a 
c o p p e r  p l a t e  by s o l d e r i n g  i t  on t o  a h o t  p l e x i - g l a s s  f r a m e .
The s e c o n d  r e a s o n  f o r  u s i n g  sc rew s  and b o l t s  was t o  f a c i l i t a t e  
t h e  f i l l i n g  and e m p ty in g  o f  t h e  t e s t  c e l l .  The top  p l a t e  
a l s o  c a r r i e d ,  a t  th e  c e n t e r  o f  i t s  f a c e ,  a 1 - 3 / 4 - i n .  lo n g  
c o p p e r  t u b e  o f  l / l 6 - i n .  i n t e r n a l  d i a m e t e r  and 1 / 8 - i n .  e x t e r n a l
T 1289
F igu re  13.  Diagram o f  top copper p l a t e .
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d i a m e t e r .  T h is  a c t e d  as  an e x p a n s i o n  chamber  i n  c a s e  t h e r e  
was a  volume i n c r e a s e  o f  t h e  t e s t  m a t e r i a l  d u r i n g  p h a se  
c h a n g e .  A c o p p e r - c o n s t a n t a n  t h e r m o c o u p le  was p a s s e d  th r o u g h  
a  h o l e  d r i l l e d  i n t o  t h e  to p  p l a t e  and i t s  j u n c t i o n  was 
a f f i x e d  t o  t h e  i n s i d e  f a c e  o f  t h e  p l a t e  by s o l d e r i n g .
T herm ocouple  a s s e m b l y ; As was shown i n  t h e  d e s c r i p t i o n  
o f  t h e  t e s t  c e l l ,  t h e  c e l l  c a r r i e d  f o u r  c o p p e r - c o n s t a n t a n  
t h e r m o c o u p l e s  l o c a t e d  as  f o l l o w s :  one e a c h  a t  t h e  i n s i d e
f a c e s  o f  t h e  b o t to m  and to p  p l a t e s ,  a  t h i r d  a t  14 /32  i n .  o r  
l 4 h / 4 7  from t h e  b o t to m  p l a t e ,  t h r o u g h  t h e  p l e x i - g l a s s  w a l l s  
and  t h e  f o u r t h  a t  30 /32  i n .  o r  3 0h /4 ?  from t l ie  b o t to m  p l a t e ,  
a l s o  t h r o u g h  t h e  p l e x i - g l a s s  w a l l s .  The o t h e r  ends  o f  t h e  
t h e r m o c o u p l e s  were  a p p r o p r i a t e l y  J o i n e d  by s o l d e r i n g  and t h e  
j u n c t i o n s  were  im m ersed  i n  a  m i x t u r e  o f  i c e  and w a t e r  i n  a  
Dewar f l a s k  t o  form c o l d  j u n c t i o n s  a t  Q.O^C ( F i g .  1 4 ) ,  The 
f r e e  ends  were  t h e n  c o n n e c t e d  t o  p l u g s  t h a t  l e d  i n t o  a  f o u r -  
c h a n n e l  r e c o r d e r .  Each o f  t h e  f o u r  c h a n n e l s  was c o n n e c te d  t o  
a s i n g l e  t h e r m o c o u p l e .
T e m p e r a tu r e  r e c o r d e r : The r e c o r d e r  was a  4 - c h a n n e l
S a n b o r n ^ ^ l )  c o n t i n u o u s  r e c o r d e r .  Model I 5O - I 5 OO, T h u s ,  e ach  
c h a n n e l  c o u ld  r e c o r d  t h e  t e m p e r a t u r e  p r o f i l e  s e n s e d  by one 
t h e r m o c o u p le  c o n t i n u o u s l y  on a c h a r t  as  a f u n c t i o n  o f  t i m e .  
Thus t h e  f o u r  c h a n n e l s  a l l o w e d  t h e  u se  o f  f o u r  t h e r m o c o u p l e s  
o n l y .  The S an b o rn  Low L e v e l  P r e a m p l i f i e r ,  Model 1 5 0 -1 5 0 0 ,  
w h ich  fo rm ed e ach  c h a n n e l  o f  t h e  r e c o r d e r ,  was a c h o p p e r  ty p e  
o f  a m p l i f i e r  f o r  m e a s u r i n g  s l o w l y  v a r y i n g  d i r e c t  v o l t a g e s  o r  
m e a s u r i n g  s l o w l y  v a r y i n g  c u r r e n t s  by a d d in g  an e x t e r n a l  s h u n t
84 T 1289
F i g u r e  14 ,  T herm ocouple  a r r a n g e m e n t :
( a )  Assemblage  sho w in g  c o l d  j u n c t i o n  and p l u g  
f o r  a  s i n g l e  t h e r m o c o u p l e ,
(b)  The p a n e l  o f  one c h a n n e l  o f  t h e  r e c o r d e r  
sho w in g  a s o c k e t  f o r  r e c e i v i n g  th e rm o ­
c o u p le  p l u g .
T 1 289 8 5
ïliennocouple from 







copper lead  
copper
V//Au n i t
:o -
VÔ
; o ; l
5 0 -
- o - \
Plug leading 




Dewar fla sk  (a) THERI-ÎOCOUPLE ASSEIÏBUGE
ON ^ O f F  
P O W E R
Socket for  
thermo­
couple.
(b) !DHS IP&HUEL OF ONE CHANNEL OF THE RECORDER
T 1289 86
r e s i s t o r .  The s i g n a l s  c o u ld  be r e a d  i n  c i r c u i t s  removed 
from th e  g ro u n d  by as much as 300 v o l t s  DC, I t  had  a s e n s i ­
t i v i t y  o f  100 m i c r o v o l t s  p e r  c e n t i m e t e r  t o  0 , 1  v o l t  p e r  
c e n t i m e t e r  o f  c h a r t  i n  t e n  s t e p s .  F o r  i n s t a n c e ,  when c a l i ­
b r a t e d  a t  500 m i c r o v o l t s  p e r  c e n t i m e t e r ,  t h e  a c c u r a c y  i n  
r e a d i n g  th e  c h a r t  was ±0 ,025  m i l l i v o l t s .  F o r  a c o p p e r -  
c o n s t a n t a n  t h e r m o c o u p l e ,  t h i s  c o r r e s p o n d e d  t o  an a c c u r a c y  
o f  ± 0 ,7^C ,  The s p e e d  o f  t h e  c h a r t  was i n  t h e  r a n g e  o f  0 ,0 2 5  
m i l l i m e t e r s  p e r  s e c o n d  t o  10 m i l l i m e t e r s  p e r  s e c o n d  a r r a n g e d  
a s  f o l l o w s  ( a l l  u n i t s  b e i n g  m i l l i m e t e r s  p e r  s e c o n d ) :
0 . 0 2 5 ,  0 . 0 5 ,  0 , 1 , 0 , 2 5 ,  0 , 5 , 1,  2 , 5 , 5 ,  1 0 ,
T h u s ,  t im e  i n t e r v a l s  c o u ld  be o b t a i n e d  from th e  s p e e d  o f  t h e  
c h a r t i n g  p a p e r .
Pump : The pump u se d  t o  c i r c u l a t e  th e  c o o l a n t  ( m e th a n o l )
from t h e  r e f r i g e r a t o r  t o  t h e  t e s t  c e l l  was a C hem ica l  Rubber  
Company(32 ) " h o - S e a l "  c e n t r i f u g a l  pump, Model AhIP005M#, I t  
o p e r a t e d  on 1 1 5 - v o l t s ,  60 c y c l e s ,  a l t e r n a t i n g  c u r r e n t  o n l y .
I t  c o u ld  a t t a i n  3000 r e v o l u t i o n s  p e r  m in u te  and pump from 
420 g a l l o n s  p e r  h o u r  a t  a h e a d  o f  1 f t  t o  250 g a l l o n s  p e r  
h o u r  a t  a h e a d  o f  9 f t  u n d e r  no rm al  a t m o s p h e r i c  c o n d i t i o n s .
R e f r i g e r a t o r  : The r e f r i g e r a t o r  f o r  t h e  c o o l a n t  was a
B a r  Ray o f  B r o o k l y n ,  New Y o rk ,  Model 557'f r e f r i g e r a t o r  t h a t  
o p e r a t e d  on a 60 - c y c l e ,  1 1 5 - v o l t  a l t e r n a t i n g  c u r r e n t .  I t  
h a d  a r e g u l a t o r  t h a t  c o u ld  be u se d  t o  a d j u s t  t h e  s t e a d y  s t a t e  
t e m p e r a t u r e  t o  which  th e  r e f r i g e r a n t  i s  c o o l e d .  A s c h e m a t i c  
p i c t u r e  o f  th e  a s s e m b le d  e q u ip m en t  i s  shown i n  F i g u r e  ( 1 5 ) .
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F i g u r e  15.  B lock  d ia g r a m  o f  a sse m b ly  o f  m ain  e x p e r i m e n t a l  
e q u ip m e n t .
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E x p e r i m e n t a l  P r o c e d u r e
The to p  p l a t e  was removed from t h e  c e l l ,  t h e  t e s t  c e l l  
was c o m p l e t e l y  f i l l e d  w i t h  t h e  t e s t  m a t e r i a l ,  n - h e x a d e c a n e  
and t h e  top  p l a t e  was r e p l a c e d  and b o l t e d  down by s c re w s  t o  
s e a l  t h e  c e l l .  The c e l l  v;as s u p p o r t e d  on an open c a r d b o a r d  
b ox .  The i n l e t  and o u t l e t  t u b e s  o f  t h e  c o o l i n g  chamber were 
c o n n e c t e d  by ty g o n  t u b i n g s  t o  t h e  pump and t o  a m e th a n o l  
r e s e r v o i r  f i l l e d  w i t h  m e t h a n o l .  The m e th a n o l  r e s e r v o i r  was 
a l s o  c o n n e c te d  t o  t h e  r e f r i g e r a t o r  by a ty g on  t u b i n g .  The 
t h e r m o c o u p l e s  were  p l u g g e d  i n  and t h e  a p p r o p r i a t e  s c a l e s  were  
s e t  on t h e  c h a r t  f o r  c o n t i n u o u s l y  r e c o r d i n g  t e m p e r a t u r e s  i n  
t h e  form o f  v o l t a g e s .  I n i t i a l l y ,  a  two-way t a p  b e tw een  t h e  
t e s t  c e l l  and t h e  r e f r i g e r a t o r  was u se d  t o  s h u t  o f f  th e  f low  
o f  m e t h a n o l  f rom t h e  r e f r i g e r a t o r  t o  t h e  t e s t  c e l l  and t h e  
pump was t u r n e d  on t o  c i r c u l a t e  m e t h a n o l  o n ly  w i t h i n  t h e  r e s t  
o f  t h e  e q u ip m e n t  f o r  a few m i n u t e s .  I n  t h i s  way t h e  t e m p e r a ­
t u r e  o f  t h e  m e th a n o l  i n  t h e  s y s t e m  was made a p p r o x i m a t e l y  
u n i f o r m  b e f o r e  b e i n g  l e d  i n t o  t h e  c o o l i n g  chamber o f  t h e  t e s t  
c e l l .  I t  a l s o  became p o s s i b l e  t o  s t a r t  r e c o r d i n g  t e m p e r a t u r e s  
a t  t h e  same t im e  t h a t  t h e  c o o l a n t  (m e th a n o l )  s t a r t e d  f l o w i n g  
i n t o  t h e  c o o l i n g  chamber o f  t h e  t e s t  c e l l .  Thus when i t  was 
c e r t a i n  t h a t  th e  s y s t e m  was r e a d y ,  t h e  r e c o r d e r  c h a r t  was s e t  
i n  m o t i o n ,  t h e  two-way t a p  was u s e d  t o  a l l o w  enough f low  r a t e  
o f  t h e  c o o l a n t  t o  e n s u r e  t u r b u l e n t  f low i n t o  t h e  c o o l i n g  
chamber  o f  t h e  t e s t  c e l l ,  and t h e  t im e  was n o t e d  as t=0  a t  
t h e  s t a r t  o f  t h e  e x p e r i m e n t .  The room t e m p e r a t u r e  was a l s o
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r e a d  w i t h  a m ercu ry  th e r m o m e te r  a t  t h e  b e g i n n i n g  o f  th e  
e x p e r i m e n t  and a t  r e g u l a r  i n t e r v a l s  d u r i n g  t h e  e x p e r i m e n t .
When a l l  o f  t h e  n - h e x a d e c a n e  o r  enough o f  i t  had  
s o l i d i f i e d  ( so m e t im es  i t  to o k  more t h a n  90 m i n u t e s  t o  
s o l i d i f y  a b o u t  t h r e e  q u a r t e r s  o f  t h e  amount o f  n - h e x a d e c a n e ) , 
t h e  e x p e r i m e n t  v/as t e r m i n a t e d .  The t h e r m o c o u p l e  r e a d i n g s  
were  t h e n  t r a n s l a t e d  from t h e  v o l t a g e  r e c o r d i n g s  o f  th e  
c h a r t  t o  d e g r e e s  C e n t i g r a d e  by u s i n g  a t a b l e  o f  e m f ' s  and 
t e m p e r a t u r e s  f o r  a  c o p p e r - c o n s t a n t a n  t h e r m o c o u p l e .
P o ly n o m ia l  f i t s  f o r ’f ^ ( t )  and f g C t ) :  As was s t a t e d  i n
t h e  t h e o r e t i c a l  a n a l y s i s ,  t h e  e x p e r i m e n t a l l y - d e t e r m i n e d  
t e m p e r a t u r e  p r o f i l e s  o f  t h e  b o t to m  and t h e  to p  p l a t e s  were  
t o  be u se d  t o  o b t a i n  p o l y n o m i a l  f i t s ,  f ^ ( t )  and f 2 ( t ) ,  
r e s p e c t i v e l y ,  t h a t  w ould  a c t  as t i m e - d e p e n d e n t  b o u n d a ry  con­
d i t i o n s  f o r  t h e  t h e o r e t i c a l  p ro b le m  o f  t h i s  s t u d y .  f ^ ( t )
and f ^ ( t ) were  o b t a i n e d  f o r  e a c h  e x p e r i m e n t  by u s i n g  exp on en ­
t i a l  f i t s  o f  t h e  ty p e
T ( t )  = A + B e x p ( - c ( t ) t )  where  c ( t )  was a p o l y n o m i a l  
o f  d e g r e e  5 o r  l e s s  found  by t h e  l e a s t - s q u a r e s  f i t .  "A" 
c o r r e s p o n d e d  t o  t h e  f i n a l  s t e a d y  s t a t e  t e m p e r a t u r e  o f  th e  
c o l d  b o t to m  p l a t e  and th e  sum o f  A and B e q u a l l e d  t h e  i n i t i a l  
t e m p e r a t u r e  a t  t = 0 ,  i . e . ,  t h e  room t e m p e r a t u r e  T^ which  was 
f a i r l y  c o n s t a n t  t h r o u g h o u t  t h e  p a r t i c u l a r  e x p e r i m e n t a l  r u n .  
T h u s ,  i f  t h e  f i n a l  s t e a d y  s t a t e  t e m p e r a t u r e  o f  t h e  c o ld  
b o t to m  p l a t e  was T ^ ^ ^ ,  t h e n
A = T g p f .  and A+3 = o r  B =
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T h u s ,  f o r  a  p a r t i c u l a r  r u n ,  t h e  f i t  t o  t h e  t e m p e r a t u r e  o f  th e  
b o t to m  p l a t e  was
= ? c p f  + ( ? a - T c p f )  e x p ( - c ^ ( t ) t )  = p l a t e
( 1 2 0 )
and t h e  f i t  t o  t h e  t e m p e r a t u r e  o f  t h e  to p  p l a t e  was 
f 2 ( t )  = ? c p f  + ( T a - ? c p f )  ^ x p ( - C 2 ( t ) t )  = T ( t ) ^ ^ ^
( 1 2 1 )
The u se  o f  an e x p o n e n t i a l  f i t  o f  t h i s  form was p ro m p te d  by 
t h e  f o l l o w i n g  r e a s o n s .  The f i r s t  r e a s o n  was t h a t  a p o l y n o m i a l  
f i t  o f  d e g r e e  5 o r  l e s s  s t i l l  gave  a  s t a n d a r d  d e v i a t i o n  
b e tw ee n  f i t t e d  t e m p e r a t u r e  and  e x p e r i m e n t a l  t e m p e r a t u r e  t h a t  
was t o o  l a r g e  compared t o  t h e  e r r o r  i n  r e a d i n g  t h e  a c t u a l  
t e m p e r a t u r e s  e x p e r i m e n t a l l y .  A p o l y n o m i a l  o f  d e g re e  more 
t h a n  5 was t h o u g h t  t o  be u n w i e ld y .  A l s o ,  t h e  r o u n d - o f f  
e r r o r s  from th e  com pu t ing  p ro g ra m  became s i g n i f i c a n t  f o r  
d e g r e e s  g r e a t e r  t h a n  5 .  A d i f f e r e n t  f i t  h a d  t o  be f o u n d .
The s e c o n d  r e a s o n  was t h a t  t h e  e x p e r i m e n t a l l y  m e a su re d  t e m p e r a ­
t u r e  o f  t h e  b o t to m  p l a t e  a p p r o a c h e d  th e  p r o f i l e  o f  a d e c a y in g  
e x p o n e n t i a l .  I t  s t a r t e d  o f f  from room t e m p e r a t u r e  and f e l l  t o  
a  c o n s t a n t  s t e a d y  s t a t e  t e m p e r a t u r e  t h a t  depended  on ly  on t h e  
s e t t i n g  o f  t h e  r e f r i g e r a t o r  c u r r e n t .  S i n c e  no p a r t  o f  th e  
c e l l  c o u ld  be c o l d e r  t h a n  t h e  c o o l a n t  b e i n g  c i r c u l a t e d  by t h e  
r e f r i g e r a t o r  and s i n c e  a t  t h e  b e g i n n i n g  o f  t h e  e x p e r i m e n t  th e  
c e l l  and i t s  e n t i r e  c o n t e n t s  were  a t  a c o n s t a n t  room te m p e r a ­
t u r e ,  i t  was d e c i d e d  t h a t  a t  t h e  f i n a l  s t e a d y  s t a t e  o f  th e  
e n t i r e  c e l l ,  t h e  t e m p e r a t u r e  would  be e q u a l  t o  t h e  s t e a d y
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S t a t e  t e m p e r a t u r e  o f  t h e  b o t to m  p l a t e ,  w h ic h ,  i n  t u r n ,  
e q u a l l e d  t h e  s t e a d y  s t a t e  t e m p e r a t u r e  o f  t h e  c o o l a n t  as 
r e g u l a t e d  by t h e  r e f r i g e r a t o r .  T h u s ,  t h e  t e m p e r a t u r e  p r o ­
f i l e s  o f  t h e  b o t to m  and th e  to p  p l a t e s  would  o n ly  d i f f e r  
by t h e  v a l u e s  o f  t h e  e x p o n e n t s ,  p a r t i c u l a r l y  c^ and Cg.
T
A co m p u te r  p ro g ra m  was w r i t t e n  t h a t  would  r e a d  i n  T , 
c p f ,  T ( t )  and  t ,  and a l s o  c a l c u l a t e  c ( t )  from th e  e q u a t i o n
o ' ( t )  = ^ln{(T(t)-T^p^)/(T^-T^p^)} for  t  > 0 (122)
Where c ( t )  i s  a  p o l y n o m i a l  f i t  o f  c * ( t )  and c * ( t )  i s  c a l c u ­
l a t e d  from e x p e r i m e n t a l  v a l u e s  by E q u a t i o n  122. I f  T ( t )  
was t h e  e x p e r i m e n t a l l y  d e t e r m i n e d  t e m p e r a t u r e  f o r  t h e  b o t to m  
p l a t e ,  t h e n  c * ( t )  was c ^ ( t ) ;  i f  i t  was f o r  t h e  top  p l a t e ,  
t h e n  c * ( t )  was c ^ ( t ) .  At t « 0 ,  T ( t ) = T ^  and { c * ( t ) } t = 0 .  When 
T ( t )  = T gp^ ,  t h e n  e~^^ Thus c * ( t )  was c a l c u l a t e d  by
e q u a t i o n  (122)  o n ly  f o r  t  > 0 and f o r  t  su c h  t h a t  T ( t ) < T ^ ^ ^ .
The c o m p u te r  p ro g ra m  t h e n  w ou ld  o b t a i n  a p o l y n o m i a l  f i t  c ( t )  
f o r  c * ( t )  o f  d e g re e  5 o r  l e s s  u s i n g  t h e  l e a s t - s q u a r e d  m ethod .
The v a l u e s  f o r  c ( t )  were  t h e n  p u t  i n t o  e q u a t i o n  (120)  o r  
e q u a t i o n  (121)  t o  o b t a i n  ^ ^ t ) ^ ^ ^ ^ ^ = f ( t ) .  The sum o f  t h e
s q u a r e s  o f  th e  d i f f e r e n c e s  b e tw ee n  T ( t ) / - . a n d  T ( t ) .( l i t )  ( e x p e r i m e n t )
was t h e n  c a l c u l a t e d  f o r  e ac h  d e g r e e  o f  c ( t ) .  T h a t  d e g r e e  o f  
c ^ ( t )  o r  C2 ( t ) ,  wh ich  gave  a  s t a n d a r d  d e v i a t i o n  o f  
from T ( t ) ^ ^ ^ p 2 r i m e n t a l )  ^uch t h a t  th e  s t a n d a r d  d e v i a t i o n  was 
minimum and a l s o  l e s s  t h a n  o r  ec^ual t o  t h e  e r r o r  i n  r e a d i n g  
T ( t )  e x p e r i m e n t a l l y ,  was t a k e n  as  th e  b e s t  one t o  use  i n  
e q u a t i o n  (120)  o r  e q u a t i o n  ( 1 2 1 ) ,  The c o m pu te r  p ro g ram  has
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b een  I n c l u d e d  i n  th e  a p p e n d i x .  Computer p ro g ram s  f o r  th e  
p r e -  and t h e  p o s t - s o l i d i f i c a t i o n  p ro b le m s  have  a l s o  b e en  
i n c l u d e d  i n  t h e  a p p e n d i x .
E s t i m a t i o n  o f  c ; The c o n v e rg e n c e  c r i t e r i a  u s e d  i n  c a l ­
c u l a t i n g  was t h a t  i f  |S^_^^(old)  -  S j ^ ^ ( n e w ) [ £  e ,  t h e n
S j ^ l  was t a k e n  t o  h ave  b e en  c a l c u l a t e d  w i t h i n  t h e  l i m i t s  
a l l o w a b l e  by th e  t r u n c a t i o n  e r r o r s  o f  t h e  f i n i t e  d i f f e r e n c e  
e q u a t i o n s  w hich  were u s e d .  Then = Sj_^^(nev7) f o r  th e
( J + l ) s t  t im e  s t e p ,  e was c a l c u l a t e d  by c o n s i d e r i n g  t h e  
l a r g e s t  a b s o l u t e  v a lu e  o f  t h e  t r u n c a t i o n  e r r o r s  i n  e a c h  o f  
e q u a t i o n s  (78)  t o  ( 9 1 ) ,  The l a r g e s t  t r u n c a t i o n  e r r o r s  were
Odta^g^^M) + O (k a h a ^ J )  (1 2 3a )
O(kahaM) + Odc^ha^J)  (12 3 b)
O(kaha^M) + O (kah^J )  (1 2 3c)
The o r d e r s  o f  m ag n i tu d e  were  r e p l a c e d  by t h e  a b s o l u t e  v a l u e s  
o f  e a c h  t e r m  i n  e q u a t i o n  ( 1 2 3 ) ,  S in c e  and h w e re  f r a c t i o n s
b e tw e e n  0 and 1 ,  t h e  l a r g e s t  a b s o l u t e  v a lu e  o f  t h e  t r u n c a t i o n  
e r r o r  i n  c a l c u l a t i n g  wa;
(123b)  o r  e q u a t i o n  ( 1 2 3 c) as
s o b t a i n e d  from e i t h e r  e q u a t i o n
G = abs(kJh_M ) + a b s ( k ^ h . ^ J )  (124a)
gL CL CL
o r  G = a b s ( k  h.^M) + a b s ( k  h . J )  (12 4b)
U  a  Cl c i
d e p e n d i n g  on th e  a c t u a l  m a g n i tu d e s  o f  M, J ,  k  ̂ , and h .a a
However ,  a v a lu e  f o r  g w hich  was l a r g e r  t h a n  t h a t  g iv e n
by e i t h e r  e q u a t i o n  (12 4 a)  o r  e q u a t i o n  (12 4b) had  t o  be  u s e d  so
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as  t o  a c c o u n t  f o r  r o u n d - o f f  e r r o r s  from t h e  c o m p u te r  p rog ram  
f o r  c a l c u l a t i n g  The a c t u a l  v a lu e  o f  e t o  be  u s e d  was
fou nd  by f i x i n g  M, J ,  k_ and h ^ ,  and a s su m in g  s m a l l e r  and
3 i gL
s m a l l e r  v a l u e s  o f  e u n t i l  su ch  a v a lu e  t h a t  e i t h e r  d i d  n o t  
a f f e c t  t h e  a c c u r a c y  o f  t h e  c a l c u l a t e d  s i g n i f i c a n t l y  o r
c a u s e d  th e  co m p u te r  t o  go i n t o  an i n d e f i n i t e  l o o p .  I n  t h e  
e v e n t  t h a t  t h e  c o m pu te r  went  i n t o  a l o o p ,  th e  n e x t  h i g h e r  
v a l u e  o f  e was u s e d .  The v a l u e ,  e =» 0 .0 0 0  4 ,  which  was u se d  
i n  t h e  c o m p u te r  p ro g ram  f o r  t h e  p r e s e n t  s t u d y  was o b t a i n e d  i n  
t h i s  m an n e r .  T h is  v a l u e  c o r r e s p o n d e d  t o  1.88% o f  t h e  m ag n i tu d e  
o f  t h e  s p a c e  i n c r e m e n t  h_ and t o  0.04% o f  t h e  t o t a l  h e i g h t  o f  
n - h e x a d e c a n e  i n  t h e  t e s t  c e l l .  T h u s ,  when t h e  e n t i r e  c o n t e n t  
o f  t h e  t e s t  c e l l  was f r o z e n ,  t h e  c a l c u l a t e d  h e i g h t  o f  s o l i d  
v a r i e d  f rom  t h a t  p r e d i c t e d  by an e x a c t  s o l u t i o n  o f  e q u a t i o n s  
(2 a )  and (2b)  by a b o u t  ±0,04% o f  t h e  a c t u a l  h e i g h t  o f  s o l i d  
i n  t h e  t e s t  c e l l .
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COMPARISON OF THEORETICAL AND EXPERIMENTAL RESULTS
The e x p e r i m e n t a l  r e s u l t s  g i v e n  i n  t h i s  s e c t i o n  were  
o b t a i n e d  f o r  t h e  t e s t  c e l l  t h a t  was d e s c r i b e d  p r e v i o u s l y .
The t e s t  m a t e r i a l  was p r a c t i c a l  n - h e x a d e c a n e  o f
m o l e c u l a r  w e i g h t  2 2 6 .4 5  and i t  was d i s t r i b u t e d  by t h e  Eas tm an  
Kodak Company f o r  c h e m ic a l  p u r p o s e s .  I t  had  s m a l l  i m p u r i t i e s  
t h a t  d i d  n o t  change  i t s  p r o p e r t i e s  a p p r e c i a b l y .  I t  c o m p l e t e l y  
f i l l e d  a v o i d  o f  t h e  t e s t  c e l l  o f  4 - i n . - s q u a r e  c r o s s - s e c t i o n  
and l - 15 / 32- i n .  h é ï g h t . The v a l u e s  o f  t h e  p a r a m e t e r s  u se d  t o  
o b t a i n  t h e  t h e o r e t i c a l  r e s u l t s  were  o b t a i n e d  from N o r t h r o p * s  
f i n a l  r e p o r t ^  D a ta  f rom  N o r t h r o p * s  r e p o r t  w e re :
D e n s i t y
S o l i d  n - h e x a d e c a n e  Pg = 1 .0 7 72  -  8, 41 x 10“ ^T gm/cin^ 
f o r  T < 2 8 9 . 9°K 
L i q u i d  n - h e x a d e c a n e  pj^=0, 9 7 2 6 - 6 ,  813 x 10"^T gm/cm^ 
f o r  2 8 9 . 9°K < T < 4 0 0 . 0°K
S p e c i f i c  H ea t
S o l i d  n - h e x a d e c a n e  c a l / ( g m - ° K )
f o r  250^K 1  T < 2 8 9 . 9°K 
L i q u i d  n - h e x a d e c a n e  c ^ ^  = O . I 626 + 1 .16 4  x 10~^T c a l / ( g m - ° K )
f o r  2 8 9 . 9 °% 1  T ^  480.0°%
C o n d u c t i v i t y
S o l i d  n - h e x a d e c a n e  %g=2.390 x lO”  ̂ -  3 .04 7  x 10"^T w a t t / ( c m - ° K )
f o r  2 5 0 . 0 °% 1  T £  2 8 9 . 9 °%
95
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L i q u i d  n - h e x a d e c a n e  K ,= 2 .390  x 10” ^ - 3 .0 i ) 7 x l0 ~  T w a t t / ( c m - ° K )
f o r  2 89.9°K 1  T £  4 2 5 . 0°K 
S o l i d i f i c a t i o n  t e m p e r a t u r e  
Tg = 2 8 9 . 9°K =» 16 .7°C
L a t e n t  h e a t  o f  s o l i d i f i c a t i o n
~ 102 ,0  B t u / l b  « 5 6 . 6 7  c a l /g m
S i n c e  th e  t h e o r e t i c a l  model o f  t h e  p r e s e n t  s t u d y  assumed con­
s t a n t  b u t  d i f f e r e n t  p r o p e r t i e s  f o r  t h e  s o l i d  and t h e  l i q u i d  
p h a s e s ,  c o n s t a n t  v a l u e s  were c a l c u l a t e d  from  N o r t h r o p *s r e p o r t  
u s i n g  a v e r a g e  t e m p e r a t u r e s  f o r  t h o s e  p r o p e r t i e s  t h a t  were  
t e m p e r a t u r e  d e p e n d e n t .  S i n c e  t h e  s o l i d i f i c a t i o n  t e m p e r a t u r e  
was 2 8 9 . 9 °% and t h e  l o w e s t  t e m p e r a t u r e  fo u n d  i n  t h e  t e s t  c e l l  
d u r i n g  a r u n  was a p p r o x i m a t e l y  26 2 .2°% ,  t h e  a v e r a g e  o f  t h e s e  
t e m p e r a t u r e s ,  T av = ^ ^ 2 8 9 .9 + 2 6 2 .2 ) ° %  = 2 76 .1 °% ,  was su b ­
s t i t u t e d  i n t o  t h e  e q u a t i o n s  f o r  t h e  t e m p e r a t u r e  d e p e n d e n t  
p r o p e r t i e s  o f  t h e  s o l i d  p h a se  t o  o b t a i n  a v e r a g e  v a l u e s  t h a t  
were  u se d  as  c o n s t a n t  p r o p e r t i e s  f o r  t h e  s o l i d  p h a s e .  S im i ­
l a r l y ,  s i n c e  t h e  h i g h e s t  t e m p e r a t u r e  e n c o u n t e r e d  i n  t h e  
e x p e r i m e n t  was a p p r o x i m a t e l y  3 0 2 .0°%, t h e  a v e r a g e  t e m p e r a t u r e ,
T. av = 302+2 8 9 , 9 ) °% =» 2 9 5 . 9 °%, was u se d  t o  c a l c u l a t e  p r o p -
L
e r t i e s  f o r  t h e  l i q u i d  p h a s e .  Thus t h e  v a l u e s  o f  t h e  p r o p e r ­
t i e s  u s e d  f o r  t h e  p r e s e n t  s t u d y  w e r e :
D e n s i t y
3
S o l i d  n - h e x a d e c a n e  = 0 .8 4 5  gm/cm
3
L i q u i d  n - h e x a d e c a n e  p = 0 .7 7 1  gm/cm
L i
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S p e c i f i c  h e a t
S o l i d  n - h e x a d e c a n e  
L i q u i d  n - h e x a d e c a n e  
C o n d u c t i v i t y
S o l i d  n - h e x a d e c a n e
c = 0 . 5  c a l / ( g m - ° K )  
CpL = 0 . 5 0 7  c a l / ( g m - ° K )
Kg = 1 . 5 4 9  X 10“ \ a t t / (  cm-°K)
= 2 .2 2  X 1 0 ~ ^ c a l / (  cni-min-°K)
L i q u i d  n - h e x a d e c a n e  K. = 1. 488 x 10“* ^w at t / (cm -°K )
T herm al  d i f f u s i v i t y
S o l i d  n - h e x a d e c a n e
« 2 . 1 3  X 10“ c a l / ( c m - m i n - ° K )
a =K_/(p  Cp ) = 5 . 2 5 4  X 10"^cm^/min
S o  S  f  S
- 2L i q u i d  n - h e x a d e c a n e  °L°PL^ * 5. 457 x 10 cm /m in
S o l i d i f i c a t i o n  t e m p e r a t u r e
Tg = 2 8 9 . 9 °K
L a t e n t  h e a t  o f  s o l i d i f i c a t i o n
H. 5 6 . 6 7  c a l /g m
D i m e n s io n l e s s  v a r i a b l e s
“ s / “ l 0 . 9 6 2 7
M = ( ^ X o p g T g / H ^ )  = 2 .4 6 3
J  = ( P i / P s i C C p L ^ e / ü f )  “ 2 . 3 6 7
T = ( a / h  ) t  o L
- 3
= Az
= 3 . 9 2 1  X 10 t  Where t  i s  i n  min .
= 1 / 4 7
O t h e r  v a l u e s  u s e d  were
h = 1- 1 5 / 3 2  i n .  = 4 7 / 3 2  i n .  = 3 .7 3  cm
Ay = (Az)h = (hg^)h = 1/32 i n .  = 7 .9  x 10" 
t  = 255 Tq m in u te s  
t  = 1 5 , 300 Tq s e c o n d s
cm
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F o l l o w i n g  t h e  a rg u m en t  i n  t h e  t h e o r e t i c a l  a n a l y s i s  o f  t h e
c o n d i t i o n s  f o r  s t a b i l i t y ,  e q u a t i o n  (119b)  was u sed  t o  f i n d
p s i n c e  X was l e s s  t h a n  2 .  Thus max
p = 0 , 5  and p < 0 .5  max —
ka.rnax = P ^ ax^ ^  = 0 . 5 / ( 4 7 ) ^  -  2 . 2 6  x 1 0 - “
At = 3 .5  s e c  = 0 . 0 5 8  m in .  max
T h u s ,  f o r  t h e  cho sen  h^  ̂ = 1 / 4 7 ,  any At l e s s  t h a n  3 .5  s e c  
s a t i s f i e d  t h e  s t a b i l i t y  c r i t e r i a .  At o f  1 ,0  s e c o n d  and 2 . 0  
s e c o n d s  were  u s e d .  They c o r r e s p o n d e d  t o  v a l u e s  o f  o f
1/ 1 5 , 3 0 0  and 2 / 1 5 , 3 0 0 , r e s p e c t i v e l y .  I t  was found  ( a s  a g l a n c e  
a t  T a b le  1 would  show) t h a t  t h e r e  was no s i g n i f i c a n t  d i f f e r ­
e n c e  b e tw e e n  t h e  t e m p e r a t u r e  p r o f i l e s  c a l c u l a t e d  u s i n g  a 1- 
s e c o n d  t im e  s t e p  and t h o s e  c a l c u l a t e d  u s i n g  a 2 - s e c o n d  t im e  
s t e p .  • Thus t h e  2 - s e c o n d  t im e  s t e p  r e d u c e d  c o m pu te r  t im e  used  
up i n  t h e  c a l c u l a t i o n s ,  w i t h o u t  a f f e c t i n g  t h e  a c c u r a c y  o f  t h e  
r e s u l t s .  T a b l e s  (1 )  t o  (7 )  and F i g u r e s  ( I 6 ) t o  (33)  show th e  
e x p e r i m e n t a l  r e s u l t s  and t h e  r e s u l t s  o f  t h e  t h e o r e t i c a l  
a n a l y s i s  c o r r e s p o n d i n g  t o  e a c h  e x p e r i m e n t a l  r u n .
The o n ly  m anner  i n  which  t h e  e x p e r i m e n t a l  r u n s  were  
d i f f e r e n t  from one a n o t h e r  was i n  t h e  v a l u e s  o f  one o r  b o t h  
o f  t h e  f o l l o w i n g  two p h y s i c a l  c o n d i t i o n s ;  a m b ie n t  t e m p e r a ­
t u r e ,  T ^ ,  and th e  s t e a d y  s t a t e  t e m p e r a t u r e ,  T^p^., t o  which 
th e  b o t to m  p l a t e  was c o o l e d .  The e a r l i e r  t e r m i n a t i o n  o f  
some e x p e r i m e n t a l  r u n s  compared t o  o t h e r  r u n s  was m o s t ly  
a r b i t r a r y  and i t  had  n o t h i n g  t o  do w i t h  o p e r a t i o n a l  r e q u i r e m e n t s
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o r  e x p e r i m e n t a l  l i m i t a t i o n s .  F o r  i n s t a n c e ,  t h e  f i r s t  t h r e e  
e x p e r i m e n t a l  r u n s  (Runs 1 ,  2 ,  and 3) were  t e r m i n a t e d  soon 
a f t e r  a b o u t  o n e - t h i r d  o f  t h e  c o n t e n t  o f  t h e  t e s t  c e l l  had  
s o l i d i f i e d ,  w h i l e  t h e  r e m a i n i n g  t h r e e  e x p e r i m e n t a l  r u n s  
(Runs 4 ,  5 ,  and 6) were t e r m i n a t e d  a f t e r  a b o u t  t w o - t h i r d s  o f  
t h e  c o n t e n t  o f  t h e  c e l l  h ad  s o l i d i f i e d  and b e f o r e  t h e  e n t i r e  
c o n t e n t  o f  t h e  c e l l  had  s o l i d i f i e d .  The maximum number o f  
p o i n t s  t h a t  c o u ld  be r e c o r d e d  on a g rap h  o f  e x p e r i m e n t a l l y -  
o b s e r v e d  h e i g h t  o f  s o l i d  fo rm ed  v e r s u s  t im e  was 4 s i n c e  on ly  
f o u r  t h e r m o c o u p le s  were  u s e d .
I n  g e n e r a l ,  t h e  e x p e r i m e n t a l  r e s u l t s  o f  t h e  t e s t s  p e r ­
fo rm ed show good a g re e m e n t  w i t h  t h e  t h e o r e t i c a l  r e s u l t s  
o b t a i n e d  from th e  n u m e r i c a l  a n a l y s i s .  T h ere  was much b e t t e r  
a g re e m e n t  o f  e x p e r i m e n t a l  r e s u l t s  w i t h  t h e o r e t i c a l  r e s u l t s  
f o r  t h e  p r e - s o l i d i f i c a t i o n  p r o b le m  t h a n  f o r  t h e  p o s t ­
s o l i d i f i c a t i o n  p r o b le m .  As t im e  e l a p s e d ,  t h e  e x p e r i m e n t a l  
r e s u l t s  i n d i c a t e d  a much s l o w e r  d e c r e a s e  i n  t e m p e r a t u r e  t h a n  
t h a t  p r e d i c t e d  by t h e  t h e o r e t i c a l  r e s u l t s .  The h e i g h t  o f  
s o l i d  f o rm e d ,  as i n d i c a t e d  by t h e  e x p e r i m e n t ,  a g r e e d  w e l l  
i n i t i a l l y  w i t h  t h a t  p r e d i c t e d  by t h e  t h e o r e t i c a l  c a l c u l a ­
t i o n s ,  b u t  i t  became s m a l l e r  t h a n  t h a t  p r e d i c t e d  t h e o r e t i c a l l y  
as t im e  e l a p s e d  and as  t h e  s o l i d i f i c a t i o n  f r o n t  a p p ro a c h e d  
t h e  to p  p l a t e  o f  th e  c e l l .  T h u s ,  t h e  t h e o r e t i c a l  a n a l y s i s  
p r e d i c t e d ,  i n  t h e  e a r l y  p a r t s  o f  t h e  e x p e r i m e n t s ,  a b o u t  th e  
same r a t e  o f  s o l i d i f i c a t i o n  as  was o b s e r v e d  e x p e r i m e n t a l l y ,  
b u t  i t  p r e d i c t e d  a f a s t e r  r a t e  o f  s o l i d i f i c a t i o n  t h a n  t h a t
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o b s e r v e d  e x p e r i m e n t a l l y  as  t h e  f r e e z i n g  f r o n t  a p p ro a c h e d  th e  
t o p  o f  t h e  t e s t  c e l l .
The p o l y n o m i a l  f i t s  o f  t h e  e x p e r i m e n t a l l y - o b s e r v e d  
t e m p e r a t u r e  p r o f i l e s  o f  th e  b o t to m  p l a t e  o r  t h e  to p  p l a t e  
a g r e e d  c l o s e l y  w i t h  t h e  e x p e r i m e n t a l l y - d e t e r m i n e d  t e m p e r a t u r e  
p r o f i l e s  t h e m s e l v e s .  The maximum s t a n d a r d  d e v i a t i o n  which  
was fo un d  b e tw e e n  any e x p e r i m e n t a l l y - o b s e r v e d  t e m p e r a t u r e  
p r o f i l e  and i t s  p o l y n o m i a l  f i t  was much l e s s  t h a n  t h e  ±1.0°K 
w h ich  was t h e  e s t i m a t e d  e r r o r  i n  o b s e r v i n g  th e  t e m p e r a t u r e  
p r o f i l e  e x p e r i m e n t a l l y .  S i m i l a r l y ,  t h e  maximum o b s e r v e d  
d i f f e r e n c e  b e tw e e n  t *  as  found  e x p e r i m e n t a l l y  and t*  as  found  
by n u m e r i c a l  a n a l y s i s  was l e s s  t h a n  ±2 .0  s e c o n d s .  I t  s h o u l d  
be r e c a l l e d  t h a t  t *  was d e f i n e d  as  t h e  t im e  i n t e r v a l  b e tw ee n  
t h e  s t a r t  o f  c o o l i n g  o f  t h e  b o t to m  p l a t e  and t h e  i n i t i a t i o n  
o f  s o l i d i f i c a t i o n  o f  n - h e x a d e c a n e  on t h e  b o t to m  p l a t e .  I n  
e a c h  o f  t h e  g r a p h s  o f  t h e  h e i g h t  o f  s o l i d  formed v e r s u s  t i m e ,  
t *  r e p r e s e n t s  t h e  i n t e r v a l  b e tw ee n  t=0 and th e  p o i n t  where  
t h e  c u rv e  i n t e r s e c t s  t h e  t im e  c o o r d i n a t e .
One r e a s o n  why t h e  e x p e r i m e n t a l  and t h e o r e t i c a l  r e s u l t s  
a g r e e d  d u r i n g  th e  e a r l y  s t a g e s  o f  s o l i d i f i c a t i o n ,  b u t  
d i f f e r e d  d u r i n g  t h e  l a t t e r  s t a g e s  was p e r h a p s  t h a t  th e  h e a t  
g a i n e d  from th e  s u r r o u n d i n g s  d u r i n g  th e  e a r l y  p e r i o d  o f  
s o l i d i f i c a t i o n ,  when t h e  f r e e z i n g  f r o n t  was s t i l l  n e a r  t h e  
c o l d  p l a t e ,  was n o t  y e t  s u f f i c i e n t  t o  c a u s e  any a p p r e c i a b l e  
change i n  t h e  r a t e  a t  w h ich  h e a t  was b e i n g  w i th d ra w n  from th e
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c o l d  p l a t e  by th e  r e f r i g e r a t e d  c o o l a n t .  But as  t im e  p a s s e d  
and as  t h e  amount o f  t h e  l i q u i d  p h a se  which  was l e f t  became 
s m a l l e r  t h e  h e a t  g a i n e d  from t h e  s u r r o u n d i n g s  b e g an  t o  have  
a p p r e c i a b l e  e f f e c t s  on th e  c o o l i n g  p r o c e s s  and t h e r e f o r e  
s lo w e d  down t h e  r a t e  o f  s o l i d i f i c a t i o n .  However ,  t h e  one­
d i m e n s i o n a l  model  which  was u se d  t o  o b t a i n  t h e  t h e o r e t i c a l  
r e s u l t s  e s s e n t i a l l y  i g n o r e d  h e a t  g a i n s  o r  l o s s e s  i n  a l l  
d i r e c t i o n s  b u t  t h a t  d i r e c t i o n  i n  which  t h e  o n e - d i m e n s i o n a l  
m odel  was f o r m u l a t e d .  C o n s e q u e n t l y ,  t h e  t h e o r e t i c a l  r e s u l t  
p r e d i c t e d  a much f a s t e r  r a t e  o f  s o l i d i f i c a t i o n  t h a n  t h a t  
o b s e r v e d  e x p e r i m e n t a l l y .
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Tab l e  1
Comparison  o f  t e m p e r a t u r e  p r o f i l e s  o b t a i n e d  t h e o r e t i c a l l y  
( a t  t  = 48 ,0  s e c )  u s i n g  1 , 0 - s e c  and 2 . 0 - s e c  t im e  s t e p s .  
Run 1; P r e - s o l i d i f i c a t i o n  p r o b le m .
D i s t a n c e  from
b o t to m  p l a t e  T e m p e r a t u r e ,  K T e m p e r a t u r e ,  °K
cm ( 1 . 0 - s e c  t im e  s t e p ) ( 2 , 0 - s e c  t im e  s t e p )
0 .0 0 290 .6 2 9 0 .6
0 . 1 6 2 9 6 .4 2 9 6 .4
0 .3 2 2 9 8 .7 2 9 8 .7
0 . 4 8 2 9 9 .4 2 9 9 .4
0 .6 3 2 9 9 .6 2 9 9 .6
0 .7 9 2 9 9 .6 2 9 9 .6
0 .9 5 2 9 9 .7 2 9 9 .7
1 .1 1 2 9 9 .7 2 9 9 .7
1 .2 7 2 9 9 .7 2 9 9 .7
1 .4 3 2 9 9 .7 2 9 9 .7
1 .59 2 9 9 .7 2 9 9 .7
1 .7 5 2 9 9 .7 2 9 9 .7
1 . 9 1 2 9 9 .7 2 9 9 .7
2 .0 6 2 9 9 .7 2 9 9 .7
2 .2 2 2 9 9 .7 2 9 9 .7
2 . 3 8 2 9 9 .7 2 9 9 .7
2 .5 4 2 9 9 .7 2 9 9 .7
2 .7 0 2 9 9 .7 2 9 9 .7
2 .8 6 2 9 9 .7 2 9 9 .7
3 .02 2 9 9 .7 2 9 9 .7
3 .1 8 2 9 9 .7 2 9 9 .7
3 .33 2 9 9 .7 2 9 9 .7
3 .49 2 9 9 .7 2 9 9 .7
3 .65 2 9 9 .7 2 9 9 .7
3 .7 3 2 9 9 .7 2 9 9 .7
t *  = 5 1 .0 t *  = 5 1 .0
T  1 2 8 9  1 0 3
Run 1 
T a b le  2
L e a s t - s q u a r e s  p o l y n o m i a l  f i t s ,  f ]_( t)  and f ^ C t ) ,  t o  e x p e r i ­
m e n t a l l y - m e a s u r e d  t e m p e r a t u r e s  o f  th e  b o t to m  and t h e  to p  
p l a t e s  r e s p e c t i v e l y :  Run 1.
Tĝ  = Ambient t e m p e r a t u r e  = 2 9 9 . 7°K
T^p^ “ F i n a l  s t e a d y - s t a t e  t e m p e r a t u r e
o f  th e  b o t to m  p l a t e  « 2 6 2 .7  K
f j_ ( t )  = P o l y n o m i a l  o b t a i n e d  from a 
l e a s t - s q u a r e s  f i t  o f  
e x p e r i m e n t a l l y - m e a s u r e d
t e m p e r a t u r e s  o f  t h e  b o t to m  - c ^ t  ^
p l a t e  = 2 6 2 . 7  + 3 7 . Oe ±0 .4  K
w here  o,  = 0 .1 4620836  + 0 .3 4 11 3 50 0 6  -  0 .1 17 4 54 1 56 ^  +
1 . 7 9 6 1 5 8 7  X  1 0 " 2 t3  _  1 .3204283  X  10“ \  +
3 . 8 1 1 6 1 7 5  X l O ' ^ t S ,
and t  i s  m e a su re d  i n  m i n u t e s :  0 ,0  £  t  ^  1 7 .9
f 2 ( t )  = P o l y n o m i a l  o b t a i n e d  from a l e a s t - s q u a r e s
f i t  o f  e x p e r i m e n t a l l y  m ea su re d  t e m p e r a t u r e s  ^
o f  6he 6 op p l a 6 e  = 2 6 2 . 7  + 37 . 0e ” °2 ± o . i ° k
where  0 2 ( 6 ) = - 7 .1 0 3 4 0 8 9  x 10“ “ + 8 .5043082  x l o "  6 -
6 . 4 5 5 0 8 0 9  X + 1 . 7 0 8 2 7 1 2  X 10“ G t3 ,
and t  i s  m e a s u re d  i n  m i n u t e s :  0 .0  < t  < 17 .9
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Run 1 ( c on t . )
F i g u r e  I 6 . T e m p e r a tu r e  p r o f i l e s  ( e x p e r i m e n t a l  and 
t h e o r e t i c a l )  f o r  t h e  p r e - s o l i d i f i c a t i o n  
p ro b le m  (Run 1 ) .











< 0  
ë  grr\ üo 0
m
a n  fî
S -p Ch -p  (d o
0 wP> 0 ^  0 ^ LO
II:

















































106  T 1289
Run 1 ( c o n t . )
F i g u r e  17.  T e m p e r a tu r e  p r o f i l e s  ( e x p e r i m e n t a l  and
t h e o r e t i c a l )  f o r  t h e  combined p r e - s o l i d i f i ­
c a t i o n  and p o s t - s o l i d i f i c a t i o n  p r o b l e m s :
Run 1.
T h e o r e t i c a l
E x p e r i m e n t a l  T h e o r e t i c a l
o 1 B o t t o m - p l a t e  t h e r m o c o u p le
+ 2 T herm ocoup le  a t  l 4 h / 4 7  from
b o t to m  p l a t e
A 3 Therm ocoup le  a t  3 0 h /4 7  from
b o t to m  p l a t e
□  4 T herm ocouple  a t  h from
b o t to m  p l a t e
h = 47 /32  i n .  = 3 .7 3  cm.
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Run 1 ( c o n t . )
F i g u r e  18,  H e i g h t  o f  s o l i d  n - h e x a d e c a n e  as  a f u n c t i o n  o f  
t im e :  Run 1.
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Run 2 
T a b le  3
L e a s t - s q u a r e s  f i t s ,  f ^ f t )  and f 2 ( t ) ,  t o  e x p e r i m e n t a l ly *  
m e a su re d  t e m p e r a t u r e s  o f  t h e  b o t to m  and to p  p l a t e s ,  
r e s p e c t i v e l y :  Run 2 .
T_ = Ambient t e m p e r a t u r e  = 3 0 0 , 3^K
T - = F i n a l  s t e a d y - s t a t e  t e m p e r a t u r e  o f  t h e  b o t to m  p l a t e
c p f  = 263 .  3°K
f^Ct )  = 2 6 3 . 3  + 3 7 . 0 e " ° l ^  ± 0 . 5 ° K
Where « 0 . 1 2 7 8 7 3 4 1  + 0 , 4 2 7 4 6 6 9 5 t  -
0 . 1 7 l 4 3 7 4 8 t ^  + 3 ,0078475  x 1 0 " ^ t ^  -
2 . 4 3 6 2 8 1 3  X 10” ^t^ + 7 , 3 5 1 0 4 2 2  X 10"^t^
and t  i s  m e a s u re d  i n  m i n u t e s :  0 , 0  £  t  £  2 3 .0
f g ( t )  = 2 6 3 . 3  + 2 7 . 0e " “2 ^ ± 0 . 1°K
w here  c_ = - 4 .7 3 8 6 0 5 2  x lO"** + 6 .4491732  x l o "  t  -
3 . 8 5 4 1 9 4 7  X l O ' ^ t ^  + 8 .3964074  x 10“ ^ t ^
and t  i s  m e a s u re d  i n  m i n u t e s :  0 .0  < t  < 2 3 ,0
I l l  T 1289
Run 2 ( c o n t . )
F i g u r e  19.  T e m p e ra tu re  p r o f i l e s  ( e x p e r i m e n t a l  and 
t h e o r e t i c a l )  f o r  t h e  p r e - s o l i d i f i c a t i o n  
p r o b le m :  Run 2.
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Run 2 ,  ( c o n t . )
F i g u r e  20 .  T e m p e r a tu r e  p r o f i l e s  ( e x p e r i m e n t a l  and  
t h e o r e t i c a l )  f o r  t h e  combined p r e -  
s o l i d i f i c a t i o n  and p o s t - s o l i d i f i c a t i o n  
p r o b l e m s :  Run 2.
T h e o r e t i c a l
E x p e r i m e n t a l  T h e o r e t i c a l
o 1 B o t t o m - p l a t e  t h e r m o c o u p le
+ 2 T herm ocoup le  a t  l 4 h / 4 7  from
b o t to m  p l a t e
A 3 T herm ocoup le  a t  3 0 h /4 ?  from
b o t to m  p l a t e
□  4 T herm ocoup le  a t  h from
b o t to m  p l a t e
h = 4 7 / 3 2  i n .  = 3 .7 3  cm.
















Run 2 ( c o n t . )
F i g u r e  21 .  H e i g h t  o f  s o l i d  n - h e x a d e c a n e  a s  a  f u n c t i o n  
o f  t im e :  Run 2.
T 1289 1 1 6
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Run 3 
T a b le  4
L e a s t ^ s q u a r e s  f i t s ,  f ^ ( t )  and f ^ C t ) ,  t o  e x p e r i m e n t a l l y -  
m e a su re d  t e m p e r a t u r e s  o f  t h e  b o t to m  and to p  p l a t e s ,  
r e s p e c t i v e l y :  Run 3*
= Ambient  t e m p e r a t u r e  « 3 0 1 . 5°K
T „ =s F i n a l  s t e a d y - s t a t e  t e m p e r a t u r e  o f  t h e  b o t to m  p l a t e  
= 265.3°%
-Cnt
f  (t) » 265.3 + 36.2e ± 0.3 %
W h e r e  o^_ =  0 .24 8 07 8 54  + 0 .1 9 2 9 9 5 6 0 t  -  5 .7222949  x 10 t
+ 7 . 2 3 6 2 3 5 7  X  1 0 " ^ t ^  -  4 . 2 5 4 4 9 3 9  X  1 0 "  +
9 . 3 6 3 6 1 0 1  X  10" ^ t ^
and t  i s  m e a su re d  i n  m i n u t e s :  0 .0  £  t  £  3 4 .3
f g C t )  =  2 6 5 . 3  +  3 6 . 2 e " ^ 2 ^  ±  0 . 3 ° %
where  c ,  = - 3 .1 6 0 3 3 0 7  x 10” ^ + 4 .2309680  x l o "  t  -
2 .8 0 9 5 1 0 1  X l O ' ^ t ^  + 9 .16 1 26 4 3  x l O ' ^ t ^  -
1 . 0 7 9 2 6 7 8  X l O ' ^ t * *  
and t  i s  m e a su re d  i n  m in u t e s  : 0 . 0  £  t  £  34 .3
1 1 8  T 1 2 8 9
Run 3 ( c o n t . )
F i g u r e  22 .  T e m p e r a tu r e  p r o f i l e s  ( e x p e r i m e n t a l  and 
t h e o r e t i c a l )  f o r  t h e  p r e - s o l i d i f i c a t i o n  
p r o b le m :  Run 3.




























Run 3 ( c o n t . )
F i g u r e  23 .  T e m p e ra tu re  p r o f i l e s  ( e x p e r i m e n t a l  and 
t h e o r e t i c a l )  f o r  t h e  combined p r e ­
s o l i d i f i c a t i o n  and p o s t - s o l i d i f i c a t i o n  
p r o b l e m s :  Run 3.
T h e o r e t i c a l
E x p e r i m e n t a l  T h e o r e t i c a l
o 1 B o t t o m - p l a t e  th e r m o c o u p le
+ 2 T herm ocouple  a t  l 4 h / 4 7  from
b o t to m  p l a t e
A 3 T herm o co u p le  a t  3 0 h /4 ?  from
b o t to m  p l a t e
O 4 Therm ocoup le  a t  h f rom
b o t to m  p l a t e
h = 4 7 / 3 2  i n ,  = 3 .7 3  cm.
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Run 3 ( c o n t e )
F i g u r e  24* H e i g h t  o f  s o l i d  n ^ h e x a d e c a n e  as  a  f u n c t i o n  o f  
t im e  : Run 3•
T 1 2 8 9 123
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Run 1)
T a b le  5
L e a s t - s q u a r e s  f i t s ,  f ^ C t )  and f ^ C t ) ,  t o  e x p e r i m e n t a l l y -  
m e a su re d  t e m p e r a t u r e s  o f  t h e  b o t to m  and t h e  to p  p l a t e s ,  
r e s p e c t i v e l y :  Run 1).
T = Ambient t e m p e r a t u r e  = 3 0 0 . 9°K
T - -  F i n a l  s t e a d y - s t a t e  t e m p e r a t u r e  o f  t h e  b o t to m  p l a t e
^  = 261).0°K
- c . t  o
f l ( t )  = 2 6 4 .0  + 3 6 . 9e ^  + 0 . 5  K
where  = 0 .1 7 0 0 1 9 0 ?  + 0 . 2 6 4 s 4 0 9 9 t  -  7 .3114020  x 10” ^ t ^
+ 7.9185015  X lO '^t^  -  3 .8016733  X 10~^t^ +
6 . 6 7 3 9 8 9 4  X  10” ^ t ^
and t  i s  m e a su re d  i n  m i n u t e s :  0«0 £  t  £  6 1 .5
“ Cp t
f g C t )  = 2 6 4 .0  + 3 6 . 9e i  0 .1 °K
Where c_ = - 3 . 3 0 8 9 7 6 8  x 10“  ̂ + 1 .4827702  x 1 0 " \  -
2 .2737729  X 10” ^t^ + 1 .0374753  X 10“ ®t^
and t  i s  m ea su re d  i n  m i n u t e s :  0 . 0  < t  < 6 1 .5
125 T 1289
Run 4 ( c o n t . )
F i g u r e  25* T e m p e r a tu r e  p r o f i l e s  ( e x p e r i m e n t a l  and 
t h e o r e t i c a l )  f o r  t h e  p r e - s o l i d i f i c a t i o n  
p ro b le m :  Run 4,
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Run 4 ( c o n t . )
F i g u r e  26 .  T e m p e r a tu r e  p r o f i l e s  ( e x p e r i m e n t a l  and 
t h e o r e t i c a l )  f o r  t h e  combined p r e -  
s o l i d i f i c a t i o n  and p o s t - s o l i d i f i c a t i o n  
p r o b l e m s :  Run 4.
T h e o r e t i c a l
E x p e r i m e n t a l  T h e o r e t i c a l
o 1 B o t t o m - p l a t e  t h e r m o c o u p l e
+ 2 T herm ocoup le  a t  l 4 h / 4 7  from
b o t to m  p l a t e
A 3 T herm ocoup le  a t  3 0 h /4 7  from
b o t to m  p l a t e
□  4 Therm ocoup le  a t  h f rom
b o t to m  p l a t e
h = 4 7 / 3 2  i n .  = 3 . 7 3  cm.









Run 4 ( c o n t . )
F i g u r e  27 .  H e i g h t  o f  s o l i d  n - h e x a d e c a n e  as  a  f u n c t i o n  o f  
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Run 5 
Tab l e  6
L e a s t - s q u a r e a  f i t s ,  f ^ C t )  and f ^ C t ) ,  t o  e x p e r i m e n t a l l y -
m e a su re d  t e m p e r a t u r e s  o f  t h e  b o t to m  and to p  p l a t e s ,  
r e s p e c t i v e l y ;  Run 5*
Tĝ  = Ambient  t e m p e r a t u r e  = 2 9 7 . 8°K
T « = F i n a l  s t e a d y - s t a t e  t e m p e r a t u r e  o f  t h e  b o t to m  p l a t e
= 2 6 2 , 7°K
- c , t
f ^ C t )  = 2 6 2 . 7  + 3 5 . l e  ^  ± 0 .4 °K
where  = 6 .5 0 1 9 1 9 1  x 10~ + 0 . 4 0 l 4 7 4 l 6 t  -
G . l i ) l 8 5 9 ' t 7 t ^  + 2 .2 4 68 6 39  x 10” ^ t ^  -  
1 .6686646  x 10“ ^ t^  + 4 .7213390  x l O ' ^ t S  
and t  i s  m ea su re d  i n  m i n u t e s ;  0 . 0  £  t  £  6 1 .0
— C g t
f g C t )  = 2 6 2 .7  + 3 5 . l e  ± 0 .1°K
where  Cg = - 3 .3 4 3 4 4 0 3  x 10"^ + 2 .4 7 3 7 2 7 2  x 10“  t  -
5 .7 4 1 3 2 1 4  X 1 0 " ^ t^  + 5 .2 8 57 2 90  x l o "
1 . 7 6 6 0 9 0 5  X
and t  i s  m e a su re d  i n  m i n u t e s ;  0 . 0  < t  < 6 1 .0
132 T 1289
Run 5 ( c o n t . )
F i g u r e  2 8. T e m p e r a tu r e  p r o f i l e s  ( e x p e r i m e n t a l  and 
t h e o r e t i c a l )  f o r  t h e  p r e - s o l i d i f i c a t i o n  
























Run 5  ( c o n t . )
F i g u r e  29 .  T e m p e r a tu r e  p r o f i l e s  ( e x p e r i m e n t a l  and 
t h e o r e t i c a l )  f o r  t h e  combined p r e ­
s o l i d i f i c a t i o n  and p o s t - s o l i d i f i c a t i o n  
p r o b l e m s :  Run 5 .
T h e o r e t i c a l
E x p e r i m e n t a l  T h e o r e t i c a l
o 1 B o t t o m - p l a t e  t h e r m o c o u p l e
+ 2 T herm ocouple  a t  l H h / ^ 7  f rom
b o t to m  p l a t e
A 3 T herm ocoup le  a t  3 0 h /4 7  from
b o t to m  p l a t e
□  4 Therm ocoup le  a t  h f rom
b o t to m  p l a t e
h = 47 /32  i n .  = 3 .7 3  cm.
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Run 5 ( c o n t . )
F i g u r e  30.  H e ig h t  o f  s o l i d  n - h e x a d e c a n e  as  a  f u n c t i o n  o f  
t im e  : Run 5•
T 1 289 137
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Run 6 
T a b le  7
L e a s t - s q u a r e s  f i t s ,  f ^ ( t )  and f g f t ) ,  t o  e x p e r i m e n t a l l y -  
m e a s u re d  t e m p e r a t u r e s  o f  t h e  b o t to m  and t h e  to p  p l a t e s  
r e s p e c t i v e l y :  Run 6 .
= Ambient t e m p e r a t u r e  = 2 9 8 , 2°K 
*^cpf ** F i n a l  s t e a d y - s t a t e  t e m p e r a t u r e  o f  t h e  b o t to m  p l a t e
» 2 6 1 .7
"C n t  Q
f . ( t )  = 2 6 1 .7  + 3 6 . 5e ± 0 . 5  K
where  = 6 , 6 3 7 3 9 0 8  x l o "  + 3 . 6 5 8 7 9 1 5  x 10~ t  -
1 . 1 3 9 9 9 7 8  X 10" ^ t ^  + 1 .4684732  x 10“ ^ t ^  -
8 .47 0 65 7 3  x l O ' ^ t ^  + 1 .7879879  x l O ' ^ t ^
and t  i s  m e a su re d  i n  m i n u t e s :  0 . 0  £  t  £  6 2 , 0
" C p t
f g C t )  = 2 6 1 .7  + 3 6 . 5e ± 0 , 3  K
where  Cg = - 3 . 9 2 2 1 0 5 5  x l o "  + 3 .73 2 92 3 4  x l o “ ^ t  -
1 . 0 9 6 0 0 6 5  X 10“ ^ t ^  + 1 . 3 9 6 5 3 0 6  X l O ' ^ t ^  _
8 .2314786  x l o “ ^ ° t ^  + I . 8 1 8 3 6 I I  x l o ' ^ ^ t ^
and t  i s  m e a su re d  i n  m i n u t e s ;  0 , 0  < t  < 6 2 , 0
139 T 1289
Run 6 ( c o n t . )
F i g u r e  31* T e m p e r a tu r e  p r o f i l e s  ( e x p e r i m e n t a l  and 
t h e o r e t i c a l )  f o r  t h e  p r e - s o l i d i f i c a t i o n  
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Run 6 ( c o n t . )
F i g u r e  32• T e m p e r a tu r e  p r o f i l e s  ( e x p e r i m e n t a l  and 
t h e o r e t i c a l )  f o r  t h e  combined p r e -  
s o l i d i f i c a t i o n  and p o s t - s o l i d i f i c a t i o n  
p r o b l e m s :  Run 6 .
T h e o r e t i c a l
E x p e r i m e n t a l  T h e o r e t i c a l
o 1 B o t t o m - p l a t e  t h e r m o c o u p l e
+ 2 T herm ocoup le  a t  l 4 h / 4 7  f rom
b o t to m  p l a t e
A 3 T herm ocoup le  a t  3 0 h /^ 7  f rom
b o t to m  p l a t e
□  4 T herm ocouple  a t  h from
b o t to m  p l a t e
h = 4 7 / 3 2  i n .  « 3 . 7 3  cm.
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Run 6 ( c o n t . )
F i g u r e  3 3 . H e i g h t  o f  s o l i d  n - h e x a d e c a n e  a s  a  f u n c t i o n  o f  
t im e  : Run 6 ,
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CONCLUSIONS
I n  g e n e r a l ,  good a g re e m e n t  b e tw ee n  e x p e r i m e n t a l  and 
t h e o r e t i c a l  r e s u l t s  h a s  b e en  o b s e r v e d .  T h e r e f o r e ,  i t  seems 
o b v io u s  t o  c o n c lu d e  t h a t  t h e  n u m e r i c a l  a n a l y s i s  d e v e l o p e d  i n  
t h i s  s t u d y  h a s  c e r t a i n  a d v a n t a g e o u s  c h a r a c t e r i s t i c s  t h a t  
make i t  e x t r e m e l y  s u i t a b l e  f o r  t h e  s t u d y  o f  p ro b le m s  i n v o l v ­
i n g  u n i d i m e n s i o n a l  m e l t i n g  o r  f r e e z i n g . ^  However,  i t  h a s  
some d i s a d v a n t a g e s ,  t o o .
The a p p l i c a b i l i t y  o f  t h e  n u m e r i c a l  method  d e v e l o p e d  
h e r e  may be e x t e n d e d  t o  c y l i n d r i c a l  and s p h e r i c a l  c o o r d i n ­
a t e s  and f o r  o t h e r  g e o m e t r i c  s y s t e m s  f o r  w hich  c r o s s -  
s e c t i o n a l  a r e a s  a r e  f u n c t i o n s  o f  th e  d i s t a n c e  from t h e  o r i g i n  
o n l y .  The method a l s o  r e d u c e s  t h e  t im e  and th e  memory bank  
u se d  up by t h e  c o m p u te r  p ro g ra m  as compared t o  t h o s e  u s e d  i n  
e x p l i c i t  f i n i t e  d i f f e r e n c e  f o r m u l a t i o n s .  The u se  o f  p o l y ­
n o m ia l  f i t s  o f  t h e  t e m p e r a t u r e s  o f  t h e  b o u n d a r i e s ,  a s  h a s  
b e en  done i n  t h i s  s t u d y ,  makes i t  u n n e c e s s a r y  t o  c a l c u l a t e  
a c t u a l  h e a t - t r a n s f e r  r a t e s  t h r o u g h  t h e  b o u n d a r i e s  i n  o r d e r  
t o  s o l v e  s i m i l a r  p ro b le m s  w i t h  t i m e - d e p e n d e n t  b o u n d a ry  con­
d i t i o n s  .
H ow ever ,  one o b v io u s  d i s a d v a n t a g e  o f  t h e  method u se d  i n  
t h i s  s t u d y ,  i s  t h a t  i t  i s  a p p r o x i m a t e .  H ea t  g a i n s  o r  l o s s e s  
were  n e g l e c t e d  i n  a l l  b u t  one d i m e n s io n .  The b o u n d a ry  con­
d i t i o n s  w h ich  were  u se d  t o  s o l v e  t h e  o n e - d i m e n s i o n a l  model
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p ro b le m  were  o n ly  a p p r o x i m a t i o n s  o f  th e  a c t u a l  b o u n d a ry  con­
d i t i o n s  o r  t h e  e x p e r i m e n t a l l y - o b s e r v e d  b o u n d a ry  c o n d i t i o n s .  
C o n v e c t io n  i n  t h e  l i q u i d  p h a se  was a l s o  n e g l e c t e d .  T r u n c a ­
t i o n  e r r o r s  i n  t h e  f o r m u l a t i o n  o f  th e  f i n i t e  d i f f e r e n c e  
e q u a t i o n s  and t h e  r o u n d - o f f  e r r o r s  i n  t h e  c o m p u te r  p rog ram s  
w h ich  were  u se d  t o  c a l c u l a t e  t h e  t h e o r e t i c a l  r e s u l t s  a l s o  
c o n t r i b u t e d  t o  t h e  e r r o r s  i n  t h e  t h e o r e t i c a l  r e s u l t s .
Average  b u t  d i f f e r e n t  p h y s i c a l  p r o p e r t i e s  were u s e d  f o r  t h e  
l i q u i d  and s o l i d  p h a s e s  i n  t h e  t h e o r e t i c a l  a n a l y s i s  w h e rea s  
t h e  a c t u a l  p h y s i c a l  p r o p e r t i e s  o f  t h e  two p h a s e s  were  t e m p e r a ­
t u r e  d e p e n d e n t .  I n  a d d i t i o n  t o  a l l  t h e s e  s o u r c e s  o f  e r r o r ,  
t h e r e  was some e r r o r  i n  o b t a i n i n g  t h e  e x p e r i m e n t a l  d a t a ,  
m a in ly  due t o  b u i l t - i n  e r r o r s  i n  t h e  c a l i b r a t i o n  o f  t h e  
e x p e r i m e n t a l  e q u ip m e n t  and t h e  ju d g e m e n t  o f  t h i s  e x p e r i m e n t e r .
A l th o u g h  a good g e n e r a l  a g re e m e n t  was o b t a i n e d  b e tw een  
e x p e r i m e n t a l  and t h e o r e t i c a l  r e s u l t s ,  i t  must  be c a u t i o n e d  
t h a t  t h e  n u m e r i c a l  t r e a t m e n t  u se d  i n  t h i s  s t u d y  i s  r a t h e r  
i n v o l v e d  and c o u ld  h a r d l y  be a p p l i e d  t o  f r e e z i n g  o r  m e l t i n g  
i n  s y s t e m s  w i t h  more t h a n  one c o o r d i n a t e  d im e n s io n  o r  i n  
p r o b le m s  i n  w h ich  c o n v e c t i v e  e f f e c t s  a r e  b e i n g  c o n s i d e r e d .
I n  s u c h  c a s e s ,  t h e  a s s u m p t io n  o f  p a r t i a l l y - s o l i d i f i e d  e l e ­
m ents  s h o u l d  be e l i m i n a t e d  and more c o n v e n t i o n a l  p r o c e d u r e s  
( e x p l i c i t  f i n i t e  d i f f e r e n c e  f o r m u l a t i o n s ,  " s u p e r - h e a t "  
m e th o d ,  " p s e u d o - s p e c i f i c  h e a t "  m e th o d ,  e t c , )  s h o u l d  be 
a p p l i e d .
More a c c u r a t e  r e s u l t s  and b e t t e r  t h e o r e t i c a l  models
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w ould  be o b t a i n e d  i f  h e a t  g a i n s ,  c o n v e c t i v e  e f f e c t s ,  i n t e r ­
f a c e  a r e a  e f f e c t s  and o t h e r  s o u r c e s  o f  e r r o r  c o u ld  be 
i n c l u d e d  i n  t h e  t h e o r e t i c a l  a n a l y s i s .  Two o r  t h r e e - d i m e n s i o n a l  
m odels  s h o u l d  a l s o  be s t u d i e d  i n  o r d e r  t o  o b t a i n  b e t t e r  
t h e o r e t i c a l  r e s u l t s .  I t  wou ld  a l s o  be e x t r e m e l y  c o n v e n i e n t  
t o  d e v e lo p  a more r e f i n e d  method o f  m e a s u r i n g  h e a t  i n p u t s  
and  l o s s e s  and o f  e s t a b l i s h i n g  t h e  a c t u a l  t i m e - d e p e n d e n t  
b o u n d a ry  c o n d i t i o n s ,
A s t u d y  t h a t  i n c l u d e d  t h e  s t u d y  o f  c o n v e c t i v e  e f f e c t s  a s  
t h e  t e s t  c e l l  was t i l t e d  a t  v a r i o u s  a n g l e s  would  be  d e s i r a b l e ,  
s i n c e  c o n v e c t i o n  d e f i n i t e l y  a f f e c t s  t h e  s o l i d i f i c a t i o n  
phenomena.  I n  su c h  a  s t u d y  i t  would  no l o n g e r  be n e c e s s a r y  
t o  m in im iz e  c o n v e c t i o n  i n  t h e  l i q u i d  p h a s e  by c o o l i n g  th e  
t e s t  c e l l  f rom  b e lo w .  I n  t h e  same c a t e g o r y  as  a s t u d y  o f  
c o n v e c t i v e  e f f e c t s  would  be a s t u d y  o f  t h e  e f f e c t s  o f  mechan­
i c a l  s h a k i n g  o r  v i b r a t i o n s  on t h e  s o l i d i f i c a t i o n  p r o c e s s .
I t  i s  e v i d e n t  t h a t  t h e  r a t e  o f  h e a t  t r a n s f e r  i s  t h e  l i m i t i n g  
f a c t o r  f o r  t h e  p r a c t i c a l  a p p l i c a t i o n s  o f  f u s i b l e  m a t e r i a l s  
as  t h e r m a l  c o n t r o l l e r s .  Thus e f f o r t s  s h o u l d  be made t o  
i n c r e a s e  t h e  h e a t - t r a n s f e r  a r e a  and t o  im prove  th e  p e r f o r m ­
a n ce  o f  t h e  c e l l  as a  w h o le .
N u c l é a t i o n  was n e g l i g i b l e  i n  t h e  p r e s e n t  s t u d y ,  b u t  i t  
w ou ld  be  o f  i n t e r e s t  t o  s t u d y  t h e  s o l i d i f i c a t i o n  o f  m a t e r i a l s  
i n  w hich  t h e  e f f e c t s  o f  n u c l é a t i o n  a r e  a p p r e c i a b l e .
S i n c e  o u t e r  s p a c e  i s  v i r t u a l l y  a vacuum, a s t u d y  o f  t h e  
s o l i d i f i c a t i o n  p r o c e s s  i n  s i t u a t i o n s  i n  which t h e  t e s t  c e l l
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i s  k e p t  i n  a vacuum c o u ld  be  u s e f u l  i n  p r e d i c t i n g  t h e  p e r ­
form ance  o f  t h e  t e s t  m a t e r i a l  i n  o u t e r  s p a c e  as  a t h e r m a l  
c o n t r o l l e r .  I n  su c h  an e x p e r i m e n t ,  c a r e  s h o u l d  be  t a k e n  t o  
p r e v e n t  l e a k s  from  d e v e l o p i n g  i n  t h e  t e s t  c e l l .  R a d i a t i o n  
would  be  t h e  main mode o f  f r e e  h e a t  t r a n s f e r  be tw ee n  t h e  
t e s t  c e l l  and i t s  s u r r o u n d i n g s ,  b e s i d e s  t h e  f o r c e d  h e a t  
t r a n s f e r  due t o  t h e  c i r c u l a t i n g  c o o l a n t .
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NOMENCLATURE
T e x t  Computer
A AO C o n s t a n t  t e r m  i n  an e x p o n e n t i a l  e q u a t i o n
Aĵ  C o e f f i c i e n t  o f  i n  a t r i d i a g o n a l
m a t r i x  e q u a t i o n
L i q u i d - p h a s e  t h e r m a l  d i f f u s i v i t y
ctg S o l i d - p h a s e  t h e r m a l  d i f f u s i v i t y
ap̂  F r a c t i o n  o f  a t im e s t e p  b e tw ee n  t h e  p o i n t
(R ,  j + 1 )  and  t h e  I n t e r s e c t i o n  o f  t h e  i n t e r ­
f a c e  w i t h  t h e  R^^ s p a c e  g r i d  l i n e
B A1 C o n s t a n t  i n  an e x p o n e n t i a l  e q u a t i o n
C o e f f i c i e n t  o f  6^ a. t r i d i a g o n a l
m a t r i x  e q u a t i o n
bj  ̂ SMALLB(I) A te rm  i n  t h e  s o l u t i o n  t o  a t r i d i a g o n a l
m a t r i x  e q u a t i o n  f o r  t h e  i ^ ^  s p a c e  node
C o e f f i c i e n t  o f  i n  a t r i d i a g o n a l
m a t r i x  e q u a t i o n
c ( t )  C o e f f i c i e n t  o f  t h e  e x p o n e n t  i n  an e x p on en ­
t i a l  e q u a t i o n ;  a v a lu e  o b t a i n e d  by a l e a s t -
s q u a r e s  f i t  o f  c * ( t )
c * ( t )  C o e f f i c i e n t  o f  t h e  e x p o n e n t  i n  an e x p o n en ­
t i a l  e q u a t i o n  as c a l c u l a t e d  d i r e c t l y  from
e x p e r i m e n t a l l y - m e a s u r e d  t e m p e r a t u r e s
c , ( t )  C ( I )  C o e f f i c i e n t  o f  t h e  e x p o n e n t  i n  a l e a s t -
s q u a r e s  e x p o n e n t i a l  f i t  o f  t h e  t e m p e r a t u r e s  
o f  t h e  b o t to m  p l a t e
c^Ct)  C ( I )  C o e f f i c i e n t  o f  th e  e x p o n e n t  i n  a l e a s t -
s q u a r e s  e x p o n e n t i a l  f i t  o f  th e  t e m p e r a t u r e s  
o f  t h e  t o p  p l a t e
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T e x t  Computer
L i q u i d - p h a s e  s p e c i f i c  h e a t
Cpg S o l i d - p h a s e  s p e c i f i c  h e a t
dj  ̂ D ( I )  R i g h t - h a n d  s i d e  o f  t h e  i ^ ^  t r i d i a g o n a l
m a t r i x  e q u a t i o n
At ,ATq AK D i m e n s io n l e s s  t im e  i n c r e m e n t
At Time i n c r e m e n t  ( s e c )
Az AH D i m e n s io n l e s s  s p a t i a l  i n c r e m e n t
Ay S p a t i a l  i n c r e m e n t  (cm)
f \ ( t )  P 1 1 ,P 1 ,  P o l y n o m i a l  f i t  t o  e x p e r i m e n t a l l y - m e a s u r e d
F ( I  1 )* t e m p e r a t u r e  p r o f i l e  o f  t h e  b o t to m  p l a t e
f g ( t )  P 2 1 ;P 2 ,  P o l y n o m i a l  f i t  t o  e x p e r i m e n t a l l y - m e a s u r e d
F ( I  2 )* t e m p e r a t u r e  p r o f i l e  o f ^ t h e  to p  p l a t e
H^ H e a t  o f  s o l i d i f i c a t i o n
h T o t a l  h e i g h t  o f  n - h e x a d e c a n e  i n  a t e s t  c e l l
a t  t h e  s t a r t  o f  an e x p e r i m e n t
hĝ  AH M agn i tude  o f  f i n i t e  d i m e n s i o n l e s s  s p a t i a l
s t e p
J  AJ D i m e n s io n l e s s  c o n s t a n t
K L i q u i d - p h a s e  t h e r m a l  c o n d u c t i v i t y
Li
Kg S o l i d - p h a s e  t h e r m a l  c o n d u c t i v i t y
°K Degree  K e l v i n
k AK M agn i tude  o f  f i n i t e  d i m e n s i o n l e s s  t im e  s t e p
d i
Lq S u b s c r i p t  r e f e r r i n g  t o  t h e  l i q u i d  p h a s e  i n
t h e  p r e - s o l i d i f i c a t i o n  p ro b le m
L S u b s c r i p t  r e f e r r i n g  t o  t h e  l i q u i d  p h a se  i n
t h e  s o l i d i f i c a t i o n  p ro b le m
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T e x t  Computer
X GA D i m e n s io n l e s s  c o n s t a n t ,
M AM D i m e n s io n l e s s  c o n s t a n t
N N T o t a l  number o f  s p a t i a l  n o d e s ,  w i t h  t h e
f i r s t  node numbered ’ 0*
O(kg^) "Of t h e  o r d e r  o f  k^^"
P P k a /h a ^
q H ea t  f lo w  p e r  u n i t  a r e a  p e r  u n i t  t im e
q^ Q ( I )  A t e rm  i n  t h e  s o l u t i o n  t o  a t r i d i a g o n a l
m a t r i x  e q u a t i o n  f o r  t h e  i ^ ^  s p a t i a l  node
R R Number o f  t h e  s p a t i a l  g r i d  l i n e  ( i n  t h e
s o l i d  p h a s e )  which  i s  on o r  n e x t  t o  th e
i n t e r f a c e  o f  s o l i d i f i c a t i o n
pj^ L i q u i d - p h a s e  d e n s i t y
pg S o l i d - p h a s e  d e n s i t y
S ( t ) BIGESS,S2, D i m e n s io n l e s s  h e i g h t  o f  t h e  s o l i d  p h a s e
S 3 S 4
* w hich  h a s  b e en  formed up t o  t h e  d im e n s io n ­
l e s s  t i m e ,  T
s S u b s c r i p t  r e f e r r i n g  t o  t h e  s o l i d  p h a s e  i n
t h e  s o l i d i f i c a t i o n  p r o b le m
T T T e m p e r a tu r e
Tĝ  TA Ambient t e m p e r a t u r e
T^p^ AO F i n a l  s t e a d y - s t a t e  t e m p e r a t u r e  o f  t h e
b o t t o m  p l a t e
L i q u i d - p h a s e  
s o l i d i f i c a t i o n  p ro b lem
L i q u i d - p h a s e  
t i o n  p r o b le m
T T0 t e m p e r a t u r e  i n  t h e  pre-Lo
T T0 t e m p e r a t u r e  i n  t h e  s o l i d i f i c a -
JLj
T  1 2 8 9  1 5 2
T e x t  Computer
Tg TS S o l i d - p h a s e  t e m p e r a t u r e
Te TE E q u i l i b r i u m  t e m p e r a t u r e  o f  s o l i d i f i c a t i o n
t  TII#} Time ( s e c  o r  min)
t *  TIMST Time i n t e r v a l  f rom th e  s t a r t  o f  c o o l i n g  t o
t h e  s t a r t  o f  s o l i d i f i c a t i o n  a t  t h e  b o t to m  
p l a t e  ( s e c )
TTP L a s t  e x p e r i m e n t  t im e  a t  w hich  a com pu te r
p ro g ra m  s h o u l d  end
0^ j  D i m e n s io n l e s s  t e m p e r a t u r e  f o r  node l o c a t e d
on s p a t i a l  c o o r d i n a t e  i  and t im e  c o o r d i n a t e  j
TETAZ0 D i m e n s io n l e s s  l i q u i d - p h a s e  t e m p e r a t u r e  i n  
t h e  p r e - s o l i d i f i c a t i o n  p ro b le m
0^ TZ0,TL0 D i m e n s io n l e s s  l i q u i d - p h a s e  t e m p e r a t u r e  f o r
t h e  s o l i d i f i c a t i o n  p ro b le m
0g TSSjTS D i m e n s io n l e s s  s o l i d - p h a s e  t e m p e r a t u r e
Tq TAUZR0 D im e n s io n l e s s  t im e  f o r  th e  p r e - s o l i d i f i c a t i o n
p r o b le m
T* TAUOST D i m e n s io n l e s s  t im e  i n t e r v a l  from th e  s t a r to
o f  c o o l i n g  t o  th e  s t a r t  o f  s o l i d i f i c a t i o n  a t  
t h e  b o t to m  p l a t e
T TAU D i m e n s io n l e s s  t im e  f o r  t h e  s o l i d i f i c a t i o n
prob  lem
XI F r a c t i o n  o f  a s p a t i a l  e l e m e n t  t h a t  has
s o l i d i f i e d  by th e  ( j + l ) s t  t im e  s t e p
Xj X0 F r a c t i o n  o f  a  s p a t i a l  e l e m e n t  t h a t  h a s
s o l i d i f i e d  by th e  t im e  s t e p
y Y ( I )  S p a t i a l  c o o r d i n a t e
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T e x t  Computer
y ( t )  Y1 H e i g h t  o f  t h e  s o l i d  p h a s e  formed up t o
t im e  t
z Z ( I )  D i m e n s io n l e s s  s p a t i a l  c o o r d i n a t e
e OD Maximum e r r o r  i n  c a l c u l a t i n g  t h e  dimension*
l e s s  h e i g h t  o f  th e  s o l i d - p h a s e  d u r i n g  a 
d i m e n s i o n l e s s  t im e  s t e p
S u b i n d i c e s  S u b s c r i p t s
i  I  I d e n t i f y i n g  number f o r  f i n i t e  s p a t i a l
i n c r e m e n t
j  J  I d e n t i f y i n g  number f o r  f i n i t e  t im e
i n c r e m e n t
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FORTRAN IV Computer  Program  f o r  o b t a i n i n g  e x p o n e n t i a l  f i t s  
t o  e x p e r i m e n t a l l y - m e a s u r e d  t e m p e r a t u r e s  o f  t h e  b o t to m  and 
th e  to p  p l a t e s .
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n o m ia l  f i t s  by t h e  l e a s t - s q u a r e s  m ethod .  The s u b r o u t i n e  was 
m o d i f i e d  b e f o r e  b e i n g  u se d  i n  t h i s  p a r t i c u l a r  p ro g ra m .
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ptJRTTTArN rrSTTMG-----------------5TtT8 D KAN W t k y m i  PONT' Ü i----------------
C l i s t i n g  OF THE FOLLOWING SUBROUTINE MAY b£  OBTAINED BY REOUEST 
-S UB-PO U-T-tNE—PT-̂ f—(itr-Y-, N $
C
C LEAST s q u a r e s  POLYNOMIAL CURVE F i T  * . F
X ----------------- WRÎ TTEN- FQR - CDCB090 TAPE FORTRAN-' BY A R bROWN-ÿ—UP^------------------------------ ^
C c o m p u t i n g  c e n t e r , COLORADO SCHOOL OF MINES
e ---------------gfr-B-ANUAR-Y— --------------------------------------------------------— ----------------------  ‘M-.F
c Th i s  s u b r o u t i n e  u s e s  c o n v e n t i o n a l  me t h o d s  f or  o b t a i n i n g  the  n o r m a l ^ . f
e -  OfiSĤ OR—Â-LrE-ÂS-T—S41UA-RES-POLrY#OM-LAL-GURVE F I T OF DEGREE K ,-----■» . F
C SOLVES THE EQUATIONS BY GAUSSIAN ELI MI NATI ON, THEN OPTIONALLY MAY ^. F
"C----------PRINT C 0 £ r F l C I E N T S “, RE5rrj UALS, ANU ■ SUM OF SQUATTES OF RESI DUALS*-------------
C # . F
~C  WARVTTrG-- —  DO NOT EX TEND 10 POLY OirrATTlOErĜR PET G PETrTER  * • F
c  — THI S me t hod  Ha s  b a d  Ro u n d o f f  c h a r a c t e r i s t i c s  f o r  h i o h e r  DEGREE—  -^. f
X  -------------------------------------------------------------------------------—--------------------------------------
C c a l l i n g  SEQUENCE * . F
X XzARRAY OF^XTB-SFRVa rXONS Of - I NDEPENDENT VA'RTA'BLE-----------------------------------
c y= a r r a y  OF c o r r e s p o n d i n g  o b s e r v a t i o n s  of d e p e n d e n t  v a r i a b l e  *.F
X N= NUMBER OF OBSpRVATfOWS------------------------------------------------------------------------------------
#.F
X  DXOPrE— 0 F F I T T £ D POXTNt) MI A L '-( N 0-GltCATpp-XHATr-F-rv E t — ------------ —  <>vF
c 8 = (OUTPUT)  a r r a y  OF COEFFI CI ENTS OF FI TTED POLYNOMIAL *#F
     D I i /lENSI ON X (1 ) , YTtOTB C6 )-------------------------  *TF
C IP = PRINT s i g n a l . PRINT IF I P = I AND DON#T PRINT IF IP = 0 <>#F
  —  ̂  --------------------------------------
c  ̂ ^
d i m e n s i o n  A ( 7 , 7 )  *#F
  m r  f o r m a t  (BOX,20HQEGREE OF'— E W A T  TON = , 127VXSH-h TTT2 ÿSTt)—  *irF
61 f o r m a t ( I X , 4F15.6)  ̂ * . F
6^ P 0 RI’l AT ( 6 HÜ SS = , F 1 tS o B/  ) "
6 3 FORMAT ( / 5 X , U H I N D £ P e Nd E N T , 6 X * 9 HP KE D I C T E 0 , 7 X , 8 H0 B S E R V E D , 7 x , 8HRESIDU<>. F
------------TAtuO--------------------------------------------------------------— -------------------------------------------------------
C ^».F
X COMPUTE- COEFFI CI ENTS Op NORMAL EQUATIONS-------------- —----------------------------------------- -— <hrF
Ki=K+I *.F
— — — ------------------------------------------------------------ SFTF
KK = K + K î .F
------------ iJO -tvo M~1,KK------------------------ — r— — -------------— — ----------  *rrF
SUM=0 . 0  ^. F
DO"“S l  tT = I , N----------------------------------------r—-------------  — ---------------- F
51 SUM=SUM+X( I 1 ) * * M * . F
-------------- I l = l + ( M  + i ) / 2 ------------------------------------------   <^TF
DO 5 0 1 = 1 , 1 1  4>.F
--------------------------------------------------------------------------------------------------------------------------------------------------- — — ----------------------------------T--------------------------------------------------------------------------------------— ----------------------------------------
IF (J-6) 5 5 ,5 5 , 5 0  #.F
—  5S'” ArtTTUT=TjtT?1-------------------------------------------------------------------------------------------------  —
A ( J , I ) =SUM
-St) COfXr-f-MUE--------------------------
DO 54 1 = 1 , K
 StrM=1T‘rO
DO 52 1 1 = 1 , N 
-5 2 — SI S t) M (-IT“HHX-TTi:-T̂ >"̂ -
54 A ( I + 1 , K 2 ) = S U M  
S U !') ̂ 0 . 0  
DO 5 3 I 1 = 1 , N  
-5-3—SUM-SUM ■» Y-ftiH -----------------
A ( I , K 2 ) = S U M
------------- ^XTX', i  ) = N-----------------------------------------------
C
X  S0LVE- 6 X STEM OF NORMAL EQUAT IONS
00 110 1 = 1 ,K
DO 110
Kr =K2+1 ----------
DO 11n M= f 1 . K3
c
I  i  0 A ( J ,  ;< K ) =  A ( J  9 N K  ) -  A ( J  ,  I  ) #  A ( I  ,  K N ) / /  ̂ ( l  ,  ï  ) T  1 2 8 9  ^  « t
0 0  1 2 0  J = 1 , K 1  * . P
KK=KK- 1 * , F
 5T7H^TT70-------------------------------------------------------------------------------------------------------------------------------------- —^TF
DO 1 2 1  I = w . K 2  * . P
î r  ( K ? -  I )  i 2 0 Ylt^ü' t Î'2'T      —  'M', p
1 2 1  S U M = s u s + A ( h K , i ) * b ( I )  -  * . P
12 0 ( K N y tz ( A ( K n 9 K 2')''~ S UHiVttTKKTK'K")------------------------------------------------    ^  » P
* . P
X -----PR r N f - H E 3 ULT s -------------------------------------------------------------------------------------------------------------------------------------------- «XT
I F ( I P )  7 5 , 7 5 , 7 2  * . F
y 2 —P Kl  IVT— 6 i l  rK 'f'( d ÿ t r = r O - r K r y -------------------------------------------------------------: *  • P
7 4  P HI NT  6 3  * . P
“■--------- A - r n 'T ) - ^ = ^ V j--------------------— -— —------------------------------    p
DO 7 0  1 I  = 1 , N
--------------STJM̂ iRTTD------------------------------------------------------------------------------------------------------------------------------------------^TF
DO 71 1 = 1 , Kl  ^ . F
O -^K -i^Trl---------------------------------------------------------------------------------------------------------------------------------------
7 1  S U M = S U M * X ( I 1 ) + B ( J )  # . F
---------------Ar r 7 Y^ ) = S U M - Y ( I l ) ---------------   <rrF
A ( 7 , 1 ) = A ( 7 , 1 ) + A ( 7 , 2 ) * A ( 7 , 2 )  * . F
 n j-p ^ -p ^ T - 6% -ÿirrri ) ,  sum  , y ( 11 ) ,  a ( 7 » 2 )------------------------------------------------------------------------------— s x ?
p r i n t  6 2 , A ( 7 , 1 )  * . F
 TS-TTEIORU---------------------------------------------------------------------- — —--------------  ̂   —  #TF
END
^  -  -  — -
X ------------------------- p r o g r a m - to O n T a T N -X X P O N E N T T A C - FT T S  TO OBS ERVED T CmXTRATVRECS-----------
C OF THE BOTTOM A^O TOP P L AT E S  Op THE CELL I N THE FORM
X ------------------------ F‘ =1AXT7%T*X76P ( -X-»’ T ) , WHE RE  A O', A1 "A RE C ONSTArN I S .  C I ROL'TTTOTTlTXt:
C I N T
X ------------------^ ^ ---------------------------- :—  ------------------------ -̂-------------------------------------- -----------
c  M=NUMBEP OF OB S E RVAT I ONS  A -
X -------------------------------------- ^ ^ ^ --------------------------
DIMENSION T ( 4 2 ) # F ( 4 2 , 2 ) , C ( 4 2 ) , 0 ( 4 2 ) , F C A L ( 4 2 , 2 ) , R ( 4 2 ) , x ( 4 2 ) , Y ( 4 2 ) ,
 3 tT (-60---------------------------------------------------------------------— --------------— ------------------------------  —
1 F ORMAT ( i OX , l 2 )
—2 T X lK ^ A T tfX T ti -̂-------------------------------------------- — --------- ---------------- ------------- ------------ -----
20 F O RMAT ( b X , F 6 , 2)
—5 F-Ok '"1 T ( l u x  , 4 H A 0 ='f  PT . 2 T 6 H Ap- = -rr-T r 2-)- ------------------------------------------------------------
B f or ma t  ( 1( ) X, 3H B ( , I 2 ’ 3H) = , E l 6 , 1 0 / )
-2T— PtrKMATt 1 ()X, 3Hw = , FX" 1 )------------------  — ------------------------------------------- -----—
61 F 0 H M A T ( l X , 5 F l 5 , 6 )
 FORMAT (BH05UH1 = -^ TT 5 . 8 / ) --------------------------------------------- -̂-------------------------------------------
63 F ORMAT ( / 5 X , l l H l NDEp E MUENT , 6 X , 9 MP RE 0 l CT ED, 7 X , BH0 8 SE RV ED, 7 X , 8 HRE SI 0  
 i üTrtrrTxYTrHF XP- errXlTT----------------------------------------------------------------------------------—
L = 1
 Reau  i  , M-------------
DO 3 1 = 1 , M
—3— REATT-^rXXl-)------
3 0 DO 4 1 = 1 ,  M
—4--- kEXD 20 ,F t t - ,XT
AO = F (M, 1)
----------A 1 = F ( 1 , 1 ) - A U ----
PRI NT 5 , A 0 , A 1
0( 1)  =F ( I . D- AO  
XFXnx l ) )
1 =  1 + 1
"GO “TO 6------------ '
r = I - 2 , 0
N l = { « i  ....................
|\! ZZ [nJ j •» j
1 7
40
C ( J ) = ( L Ü G F ( A 1 ) - L Ü 6 F ( D ( J ) ) ) / T ( J )
-FR-nrrxriTw---------------------------------------
DO 4 0 J = 1 , N
mUT=TTUf-r)-------------------------------------




PRINT H f  ( I , Ü ( I + 1 ) , I = 0 , K )
"SUm"=VTO---------------------------------------------------
DO 13 1 = 1 , M
TOTAL“ 0 . 0 --------------------------------------:-----------
DO 16 J = 0 , K
T 12  89
T2-
16
KTT= k — j  4 1
TOTAL=TOTAL*T( I ) +Q( KT)
c  i x r r= iT j rA L  ................................. ............... "
FCAL ( 1 , L ) = A 0 + A 1 * E X P F ( - C ( I ) * T ( I ) )
13
K v i ; = r L M L t l , L ) - r
SUM1=SUM1+R( I ) * * 2
DO 14 1 = 1 , H
PRINT 6 2 , SUM1
r\ ~  fN J
I F ( K - 5 ) 1 2 , 1 2 , 1 5
13 L = L+i
I F ( L “ ? ) 3 0 , 3 0 , 2 6
2 6 I •— A E X 1 1 r ( 0 ) 
END
FRASARLE STORAGE 1 3 1 5 4  TO 1 4 5 5 b
-m  ~  e t 3 ê 2 6  3 7 -.  00------------------------------
W = 2 4 .0
t rEGREE - o r  E0ÜATI XN- - = - 1
-Y±b4 5 t3 -]rbE- Od
TH— ybe075 6bbE- 02
INDEPENDENT PREDICTED OBSERVED RESI DUAL
. 1 0  0 0 0 0 
Y-g-o 0 0-0 0-
, 3 0 0 0 0 0
-, 4 0 0 0 0 (T
.500000
-Yb-owcro-
. f o o o o o
irBooOdO'
. 9 0 0 0 0 0  
r .  0 0 0 0-0-0- 
l .  100000 
TTbOTMTOO- 
2 .100000  
-ZTbCOTTO-O-
, 3 6 5 1 8 4
 ,365805
, 3 6 6 4 2 5
3 6 / 0 4 6
, 3 6 7 6 6 7
.3 6 0 2 88-
. 3 6 0 9 0 8
, 3 7 0 1 5 0
.3 ? 0 T T t -
, 1 6 3 4 9 1  
-,-Tb 4-8 SlT 
, 2 3 3 1 9 5  
-Y ±6340  
, 3 2 1 8 6 1  
r37l9D6- 
, 4 1 3 5 5 1  
-,4-1-7-2-17-
. 2 0 1 6 9 3
. 1 3 3 2 3 1
—YtTT3b4fr 
. 0 4 5 8 0 6  
(T3 b i“8- 
- . 0 4 4 6 4 2  
—-Ï 0 4 76 8 7- 
“ . 0 0 0  7 09  
-“-i-OX3^30-3- 
- , 0 2 2 1 2 1
“ , 1 1 6 8 3 ?
-*•-.“1 2 6 -3 6 8
- , 1 1 0 2 1 8
- ^ 0 9 T 9 3 6 -
, 3 7 0 8 5 9  
T3#4rOT4- 
. 3 9 3 5 1 3  
-TAXirB 8 7- 
, 4 9 4 4 3 1
• 4 9 4 0 2 5
Y-47BB4T
, 4 7 3 9 5 4
-r4-83bl 4- 
, 4 3 6 2 0 1  
, 4 2 9 1 2 6  
, 4 1 0 9 5 4
3 . 1 0 0 0 0 0  
3-, 6 0 0 OTTO-
4 . 1 0 0 0 0 0  
-Frb 0 0X0 0
5 . 1 0 0 0 0 0  
6v 1 0 ox 0 0 
7 . 1 0 0  U 0 0
. 3 7 1 3 9 2
T3T4TF95-
. 3 7 7 5 9 9
-t3B-JT013- 
. 3 8 3 8 0 7  
. 3 8  69T 0- 
. 3 9 0 0 1 4  
T393T18
, 3 9 6 2 2 2
-,-4 0 0 4 2 9  
. 4 0 8 6 3 7
- . 0 8 3 9 4 0
- - ,-0 9 0 4 9 6 -  
- . 0 3 9 9 7 9  
- . 0 2 6 6 9 6  
- . 0 0 2 3 1 7
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* T U k r R A N ________ LIST.ir\LG______________ 5 / Ü 8  UxAN, vA, Ar \ i r HUNY. _0.      _ .
DI ME NS I ON r C T A Z U ( 4 M ) , Q ( 4 8 ) , U ( 4 d )  , S P A L L H ( 4 y )  , b ( b , 2 )  , Z ( 4 6 )  , T Z Ü ( 4 B )
—   U  X4B Li IQJaBI-------------------------------   _____________________ _______
1 f o r m a t ( 7 X , 2 I 1 , 1 2 )  
_2 FüRMAT(Fû..2,f5.2)
3 F O R MA r ( 2 E 1 7 . 10)
_5__ FORMAT ( F b , 2 J ___
6 F O R M A r ( / / l Ô X ,
. FOIRA T (_/10 X9_l
14HTAU SUB ZERO = , E i 6 . B , 3 X, 6HTI MF = , E 1 6 . 8 )  
HZ, b X , l 3 H T E T A S ijH ZER0f_9X , IMY * j  1 X ! j  1 Hj E M P E R A T Ü R E /  ) _,
8 FORMA T ( 3X f F B , 5  f 6 X , F 1 3 • 1 0 , 3 X ♦ F 1 3 . 1 0 , 3 X , F 1 3 . i  0)
6 9  f o r m a t ( / / 1 0 X , 1 9 H T A u SUB. ZERO STAR = , E 1 6 . 8 , 3 X , 1 I N T I M E  STAR = , E 1 6 . 8  
1)
 ___________________________________________________________________________
r e a d  2 , A Q , A 1
  ̂ _̂______________________________
0 0  12 1 = 1 , 6
1 2 REAP 3 , B { I , 1 ) , B ( I , 2 ) ___________________________________________________________________
READ 5 , TA 
T E = 2 8 9 , Ü 6
A K = 1 , / l 5 3 0  0 .  
A H = 1 . / 4 7 ,
p = A K / ( AH*#2)  
N l = N + l
TAÜZRO=0 • 0
r i M = o . o
DO 10 1 = 1 , NI  
T £ T A Z 0 ( I ) = T A / T E
T O ( I ) = T E * T E T A Z 0 ( I )
VV 1 = ï  "• 1 a  0
Z ( I ) = W 1 * A H
10 Y ( I ) = ( Z ( I ) * 4 7 . * 2 , 5 4 ) / 3 2 ,
: 19 PRINT 6 , T A U Z R 0 , r i M  
PRINT 7
00 11 1 = 1 , N , 2
U PRINT 8 , Z ( I ) , T E T A Z 0 ( T ) , Y ( I ) , T 0 ( I )
PRINT B , Z ( N l ) , T E T A z O ( N i ) , Y ( N l ) , T O ( N l )
T l = 2 5 5 , ü * T A U Z R ü
T = T 1 + 2 5 5 . 0 * A K
TAUZRO=TAUZRO+AK
r i M = T A U Z R O * l 5 3 0 0 , 0
SU 1 = 0 , 0
TOT 1 = 0 , 0
KT=K24l
no  13 1 = 0 , Kl
KR=KK- I
13 S U I = S U 1 * T 4 W( K R , 1 ) 
no  1 4 1 = 0 , K2
k f =KT- I  
14 T 0 T 1 = T 0 T 1 * T + R ( K P , 2 )
F 1 1 = A 0 + A 1 # E X P F ( - S U 1 * T )  
F 2 1 = A 0 + A 1 * E X P F ( - r O T l * T )
I Z 0 ( 1 ) = F U / T E  
I ZO ( N I ) = F 2 1 / T F
0 ( 1 ) = TZO( 1)
0 ( N I ) = T Z 0 ( N I )
SMALL, b ( 1 ) = 0 • 0 
0(1 )=D (1)
00 15 1 = 2 ,N
O ( l ) = ( ( + P / 2 . ) # T E T A Z O ( 1 - 1 ) ) + ( ( 1 - R ) * T E T A Z O ( 1 ) ) + ( ( P / 2 . ) * TETAZO( I + 1 ) )  
S M A L L B ( l ) = ( - P / 2 . ) / ( l . + P + ( ( P / 2 , ) * S M A L L H ( 1 - 1 ) ) )
15 Q ( 1 ) = (D ( I ) 4 ( ( P / 2 , )  * 0 ( 1 - 1 ) ) ) / ( !  . FR_+l11P/2.,1^.!3HALLH { î - 1  ) ) ) ______
0 (IMl ) =0 (Ml  )
T Z U ( M l ) = u ( N l )  _ _  _ __
0 0  30  K3 = 1 , N
T = T'1
JU I ,L ; "TT
I F ( T70  ( 1 ) “ 1_* 1 2  2 , 2 0 , 2 0 T 1289
20 DO 21 I = l , M i  
T E T A Z 0 ( 1 ) = T Z 0 ( I )
21 T O ( I ) = T E * T E r A Z O ( I )  
GO TO 19
2 2 V = ( T E T A Z 0 ( 1 ) - 1 , ) / ( j ETAZO( l ) - T Z O ( l ) )  
. v i = v 4 f ____  .
T Z O ( l ) = ] . 0
DO 2 3  1 = 2 , N
23 T 7 0 ( I ) = ( V 1 * T F T A Z 0 ( I - 1 ) ) + ( ( l . ~ 2 . * V l )  
TAUnST= T A U Z W0 - ( 1 . - V ) * A K
* T E T A Z O ( I ) ) + ( V 1 * T F T A Z 0 ( I + 1 ) )
T 1 HST=1 5 3 0  0 , 0*TAUOST
_ 5 = 0 ^ 0  __ _ _ ...... ........
DO 17 1 = 0 , K2
K4 =KT- I
17 S = S * T A U 0 S T + Ü ( K 4 , 2 )
T Z O ( N l ) = ( A 0 + A 1 # E X P F ( - S * T A U 0 S T ) ) / TE
0 0  50  1 = 1 , NI
50 TO( I ) = T E * T Z O ( I )
PRINT 6 9 , TAUOS T, TI m5T
PRINT 7
DO IB 1 = 1 , N , 2
IB PRINT 8 , 2 ( 1 ) , T Z O ( I ) , Y ( I ) , T O ( I )
PRINT 8 , Z ( N
I=XEXtTF(0)
END
e r a s a b l e STORAGE 1 2 2 0 0  TO 1 5 1 4 3
TAU SUB ZERO = .OOOOOOOOE 00 TIME = .UOOOÜüOOE 00
z TETA SUB ZERO Y TEMPERATURE
. 0 0 0 0 0 1 . 0 3 6 2 2 4 3 8 7 6 . 0 0 0 ü ü Ü 0 0 0 0 . 3 0 0 3 6 0 0 E  03
. 0 4 2 5 5
. 0 9 5 1 1
1 . 0 3 6 2 2 4 3 8 7 6
1 . 0 3 6 2 2 4 3 8 7 6
. 1 5 8 7 4 9 9 9 6 4
. 3 1 7 ^ 9 9 9 9 7 5
. 3 0 0 3 6 0 0 6  03  
. 3 0 0 3 6 0 0 E  03
. 1 2 7 6 6
. 1 7 0 2 1
1 . 0 3 6 2 2 4 3 0 7 6
1 . 0 3 6 2 2 4 3 0 7 6
. 4 7 6 2 5 0 0 0 1 9
. 6 3 4 9 9 9 9 9 4 9
. 3 0 0 3 6 0 0 E  03  
. 3 0 0 3 6 U O E  03
, 2 1 2 7 7
. 2 5 5 3 2
1 - 0 3 6 2 2 4 3 8 7 6  
1 . 0  3 6 2 2 4  30  76
. 7 9 3 7 4 9 9 9 9 3
. 9 5 2 4 9 9 9 9 3 1
. 3 0 U 3 6 0 0 E  03
. 3 0 0 3 6 0 0 E  03
. 2 9 7 8 7
. 3 4 0 4 3
1 . 0 3 6 2 2 4 3 8 7 6
1 . 0 3 6 2 2 4 3 9 7 6
1 . 1 1 1 2 4 9 9 9 0 8
1 . 2 6 9 9 9 9 9 8 8 4
. 3 Ü0 3 6 ÜOE 03  
. 3 0 0 3 6 Ü OE  03
. 3 8 2 9 9
. 4 2 5 5 3
1 . 0 3 6 2 2 4 3 8 7 6
1 . 0 3 6 2 2 4 3 8 7 6
1 . 4 2 8 7 4 9 9 8 6 0  
1 . 5 8 7 4 9 9 9 9 8 5
, 3 0 Û 3 6 0 ü E  03  
. 3 0 0 3 6 Ü 0 E  03
. 4 6 8 0 9
. 5 1 0 6 4
1 . 0 3 6 2 2 4 3 8 7 6
1 . 0 3 6 2 2 4 3 8 7 6
1 . 7 4 6 2 4 9 9 8 1 2
1 . 9 0 5 0 0 0 0 0 8 6
. 3 Ü 0 3 6 0 0 E  03  
. 3 0 0 3 6 Ü OE  03
. 5 5 3 1 9
. 5 9 5 7 4
1 . 0 3 6 2 2 4 3 0 7 6  
J . ,  0 3 6 2 2 4  3.8 7 6
2 , 0 6 3 7 4 9 9 8 3 9
2 . 2 2 2 4 9 9 9 8 1 5
, 3 0 0 3 6 Ü 0 E  03  
. 3 0 0 3 6 0 0 E  03
, 6 3 8 3 0  
. 6 8 0 8 5
1 ^ 0 3 6 2 2 4 3 8 7 6
1 . 0 3 6 2 2 4 3 8 7 6
2 . 3 8 1 2 4 9 9 7 9 1
2 . 5 3 9 9 9 9 9 7 6 8
. 3 0 0 3 6 U 0 E  03  
. 3 0 O 3 6 0 0 L  03
, 7 2 3 4 0
. 7 6 5 9 6
1 . 0 3 6 2 2 4 3 8 7 6
1 . 0 3 6 2 2 4 3 9 7 6
2 , 6 9 8 7 5 0 0 0 4 2
2 . 8 5 7 4 9 9 9 7 2 0
. 3 0 U 3 6 0 0 E  03  
. 3 0 0 3 6 0 0 E  03
. 8 0 8 5 1  
. 8 5 1 0 6
1 . 0 3 6 2 2 4 3 9 7 6
1 . 0 3 6 2 2 4 3 8 7 6
3 . 0 1 6 2 4 9 9 7 7 1
3 , 1 7 5 0 0 0 0 0 4 5
. 3 0 0 3 6 0 0 E  03  
. 3 U 0 3 6 0 0 E  0 3
. 8 9 3 6 2  
. 9 3 6 1 (
1 . 0 3 6 2 2 4 3 8 7 6  
I . 0 3 6 2 2 4 3 8 7 6 .
3 . 3 3 3 / 4 9 9 7 2 3
3 . 4 9 2 4 9 9 9 6 9 9
, 3 0 0 3 6 0 0 8  03  
i 3 U 0 3 6 0 0 E  03
. 9 7 8 7 2
_______ 1 , 0  0.0J10 ....
1 . 0 3 6 2 2 4 3 8 7 6  
_______1 Y 0 3 6 2 2 A 3 9 L 6 .
3 . 6 5 1 2 4 9 9 6 7 5  
3.e%3U6 2496.63_._
. 3 0 0 3 6 0 C E  0 3 
. 3 0 0 3 6 0 0 E  03 .. ... ---------------
r AU SUB ZÉRO = . 65:3 5 9 4 7 7 É - U 4  TIME" = ....... . lOOGOOGOE 0 1
T 1289
APPENDIX
FORTRAN IV Computer  P rogram  f o r  s o l v i n g  t h e  s o l i d i f i c a t i o n  
p ro b  lem.
165
T 12 89 
, 6 9 0 4 4 9 ,  Ï T c  R7 Ô V â T
ISN________ STATEMENT
Ff k TRf N SnuKCF LI ST
G $ f Af: Tg rJY3____ L I 5 f _ ______________ ________
 %HAsr  CHANGE THERMAL CONTROL "  S ^ L l ü T F I C A T Ï Û N  rp N- HEXADPCAj r




4 9 ) , f g ( 4 o ) / T L U ( 4
URMAT(7X,2Il ,f2) 
UH^ATf E 6 : 2 , F 5 , 2 )




 ̂ ) > 
(4%











T ( 2 F 1 7 . 1 Ü )
T ( F 4 . Z )
T ( / / 1 0 X , 5 H T A  
TU.X,F8_,5, 3_X 
T( 10%, 3H$ c ,
T( 1 nx^ iBHSuLlL) LT,CK = , F 1 6
U 3 ; E 1 6 , % , 2 X , } 1 H T  
^ F 7 , 3 f 2 ( 3 X , P l l ; n /  





















Ü R ;i A
T ( y 6
T_( ?X
f C / /
T ( / /
X,LHZ,9X,5HY(CM),4X,iCHTETA SUO 
X, 8H5UL TÊMP)
^.9HX(:j+A L  = _:^E],6,^:'Xz9L'R
3X;4 i-i s ; p 4 , l , ? X , 4 X l K  = j























, F i l , 4 )
















3 / 3 X ,
.TF,_CM/ 
10 TEL 
5HA'  ̂ =
SEC_=z
P / 5 A J ]




1.2 F A !
12 1=1 
U 3 'U( 2 )
EAü 5 , TA 
E = 2 2 9 , 9 6  
K = 2^
1= 1 ,
/ 1 5 1
























*" • 6 / 






I = v) F
( I )  =
( .1 ) P
= r 14'
I M = • 
J I s  A 
UT1 = 












El AZn ( I )
^ 1 , 0
w i *Ah
( Z ( T ) * 4 7 , ' 2 . 6 4 ) / 3 2
5 , 0 * 1 AU ? RU
2 6 5 . ü * A w "
U = T4U2k' :+AK
A O z r u * l 5 3 Ô ü \ 0
. 0 ..........
0 . 0
1_         ___
I = 9 K I
<m (
, 6 9 '
ISN
T 12 89
4 4 9 / m C F 7 0 m  T( \ NV3,  P' 
Snu Kc r  STfTFMPNT






13 Ful s ' - . J l  + 1 ) _  ____
' Ü lA
P=K^- ]
14 T u r i y 7 0 T i * r  + n ( K p / 2 ) '  







F 2 1 = A 0 + A l * F X r ( - r O 7  1*T)  
T 7 U ( l ) = F l l / T E  
T Z J ( N l ) = H 2 1 / r C  
" 4 I ) » T Z U ( 1 )  
0 ( 0 l ) = T Z ' , ( N l )  
' i ^ L L % ( l ) = 0 , 0
m o ' ( 1 ) = 0 ( 1 )
101 15 I ? 2 , N
m a o ( ? ) = ( ( P / 2 . ) * 7 E l A Z Ü ( I ^ l ) ) + ( ( i , - K) * TETAZU ( ! ) ) + ( ( P / 2 . ) * T F
1 0 3 F M A L L w ( I ) = ( " P / 2 , ) / ( l , + P + ( ( P / 7 . ) * 9 MA L L ü ( l - 1 ) ) )
1 0 4 15 " ( i ) a ( D ( I ) + ( f P / 2 , ) » ^ ( l ^ i ) ) ) / f l . + P + ( ( P / 2 , ) * 5 0 A L L U f I r l ) ) )
1 0 6 o ( 0 > u = 0 ( 0 i )
m ? T Z 0 ( 0 1 ) = 1 ( N 1 }
1 1 0 on 3 0  K3 = 1 , N
111 T=0l mK3
4 1 2 3 0  F Y r ! ( T ) = Q ( i ) m s n a L L D ( I ) * T z r ( T  + l )
i l 4 T F ( r Z U ( l ) - l , ) 2 2 , 2 0 , 2 0
1 1 5 2 0  "U 21 1 = 1 , Ml
si 1 6 T E T A 7 u ( i ) = r z n ( ( )
4 1 7 21  T U ( l ) = T E * r E T A Z a ( T )
121 ou TO 19
^ 2 2 22  V = ( r r T A z n ( l ) - l , ) / ( T E T A Z U ( l ) " T Z M ( U  )
4 2 3 V1=V*P
1 2 4 ? Z M ( 1 ) = 1 , 0
<125 r u  23  I = 2 , N
T1 2:6 2 3  7 Z U ( I J = ( V l * T F T A Z r ( I - l ) ) + ( ( l . m 2 , * V 1 ) * T E T A Z U ( I ) ) + ( V l * r r T A ;
1 3 0 TAUüST= TAUZ RU» ( 1 , ~ V) * AK -
m i T I u s T s l 5 3 0 0 , n * T A U 0 S T
1 3 2 6 = 0 , 0
1 3 3 r u  17 1 = 0 , K2
1 3 4 4 a X T I
1 3 5 17 < = S * T A U 0 5 T + U ( K 4 , 2 )
1 3 7 T Z G ( ' l ) = ( A 0 + A l * E X P ( ~ 5 * T A U Q S r ) ) /  m
1 4u r j  4 1 = 1 , N1
141 4 T U f l ) = T E * T Z U ( I )
1 4 3 f 1 0 E S S = 0 , 0
1 4 4 :' = o , r
1 4 5 :1 = 0 , 0
1 4 6 Y 1 = 0 . 0
1 4 7 7 6 0 = ^ , 0
m o y u = o , o
m i T i OE c T I ^ S T
1 5 2 TRU = r
1 5 3 T S ( 1 1 =T z n t  I )
1 5 4 " ^LTAr S(  l )  = m (  1 ) » TE
1 5 5 ^U 31 I = 2 , N 1
m o
15 7 ^1 T E T A r 5 ( l ) = T b ( l ) * T E
161 .: .V = 0 . 0
162 np = p
z r ( i + i ) )
(1+1))
T 1289
A,UKANVA;69C449/l,CF/0l,TÜ^V3, Pr,<TkA ouRCr L i FT  TU)Y3
J-S S'\JRçr .STATErirnT
1 6 3  .. A K K c K
1 6 4 : 4 = 2 , 4 6 3
165_  _ .. ^^ = 2 , 3 6 7  ...... ... . _
1 6 6 oKf:^T 1 3 n , X ü , I R ü , A W
______ 1 6 7 9 , TAU, TIME
1 7 0 PÜIUT 26
171 _ o u  r 6 . . I  = l ; N l .  ...............  ........................ .
172 1 3 6 P ÜI i T  1 6 , 2 ( 1 ) , Y ( I ) , T Z U ( I ) , T u f I ) , T S ( I ) , T E T A F S ( I
1 74 . P RI NT  2 4 , ü l GE S S j U  ^ .... ... ^
1 7 5 PRINT 2 5 , Y 1 , U 1
1 7 6 ! M = 1
1 7 7 MN=8
____________ 200_. . . __ ,J,K = 1 _
2 0 1 64 TAUi =rAU+ÂK
. _ _ . 2 0 2  ___ M = L  ̂'
2 0 3 T A n i » B M * 6 0 , 0
2 0 4 ■ s 1
2 0 5 T I O t q l 5 3 n ü , 0 * ( T A U i + T A U 0 S T )
2 0 6 _ _7 A2.5 T A U 1 t l à ü p  5 L )_  . ______
2 0 7 FUMsO. O
_________ _210__ . _ T ü T s r . O
2 1 1 ou 3?  î = n , K i
2 1 2 K R = K ( / I
2 1 3 33 S UM2 <U^4 T+H( KR, 1 )
2 1 5 34 I = r , K 2
2 1 6 ?< p c X 7 »- I
2 1 7 34 TUT=TÜT# T+W( KP, 2 )
2 2 1 T F f j k . F Q . l i O n  TU 2 1 3
2 2 4 0 0  rn 2 1 7
2 2 5 2 1 3 r u = F v p ( _ S J M * T )
2 2 6 T F ( C 0 - 0 . 1 0 6 - 1 2 ) 2 0 3 , 2 0 3 , 2 0 2
2 2 7 2 0 3 ■ j K = 4
2 3 0 OU TO 2 1 ?
2 3 1 2 0 2 F1 =A0 +A1 * CU
2 3 2 OU TO 2 0 4
2 3 3 2 1 7 F i = A 7’
2 3 4 2 0 4 c 2 = A n + A i * E x p ( » T n T * T )
2 3 5 T 5 S ( 1 ) = F 1 / T u
2 3 6 T L M ( ' l ) = F 2 / r F
2 3 7 ^ ( 1 ) = T 5 6 ( 1 )
2 4 0
2 4 1 ' ( 0 1 ) = 0 ( ' U )
2 4 2 o ( l ) = ü ( l )
2 4 3 7 M A L I Ü ( l ) = 0 , 0
2 4 4 T F ( 1 * 0 ) 1 0 0 , 2 1 4 , 2 1 3
2 4 5 2 1 4 S 3 = A M / 2 , 0
2 4 6 OU rr 35
2 4 7 2 1 6 5 3 = ü TGPS S + n s T
2 5 0 35 : u = y 3 / A H
2 5 1 110 T K a A' '
2 5 2 P s i R
2 5 3 y 1 = A -f -  K
2 5 4 2 :i7 _ _ J  1 = 1P + )____________________________________________ _____
2 5 5 T2 = 1 1 + 1
2 5 6 7 3 = 1 2 + 1
T 12  89
, VKANWA, 6 9 0 4 4 9 , l , C P 7 0 i , T Ï ' Ü Y 3 , " ..... ..........................  FORTRAN SOURCE LI ST T"UiY3
ISN SOURor STATEi FNT
................ 2 5 7  _
2 6 0 \'2 = :4m2
2 6 1  _ ! 4 = '-i — 3
2 6 2 ^ ( l 2 ) = ( ( 2 , O - x l ) * ( l , 0 - X l ) * T Z ü ( 1 2 ) ) + ( 2 , 0 * P )
2 6 3 C = - ( f 2 , 0 * P ) * ( 1 . 0 » ^ l ) )
2 6 4 r K l = ( 2 , 0 - X l ) * ( l , O - X l + ( 2 , O * P ) )
2 6 5 T F ( I P - M 2 ) 3 6 , 3 9 , 4 0
2 6 6 36 S MA L L b ( I 2 ) = C / ü KI
2 6 7 O ( l 2 ) = 0 ( 1 2 ) / P R I
2 7 0 nu 37  I = T 3 , N
2 7 1 S U A L L B f l ) = ( - " / ? , ) / ( l , + P + ( ( P / ? . ) ü < ' u L L B f i " l ) ) )
2 7 2 0(  t ) = ( ( P / 2 , ) * f Z Ü ( ( ^ l ) )  + ( ( l . ~ P ) * T 7 L  ( ! ) )  + ( ( P / 2 , ) 4 T Z ü ( i + l )
2 7 3 3 7 0 ( I ) c ( 0 ( T ) + ( ( P / 2 , ) * 0 ( I r l ) ) ) / ( l . + r + ( ( P / 2 , ) * S M A L ( Ji  ( m  1 ) ) )
2 7 5 J = 'i l m
2 7 6 no 3% K = l , J
2 7 7 î sT'I 1 mK
3 0 0 38 T L n ( T ) = y ( I ) m S H A L L 8 ( I ) * T L G ( I + l >
3 0 2 e u  TO 4 0
3 0 3 39 T L U ( T 2 ) = f D ( I 2 ) - ( r * T L r ( I 3 ) ) ) / r K l
3 0 4 4 0 T F ( I P * N ) 1 2 0 , 1 2 0 , 1 3 0
3 0 5 1 2 0 O A = 0 , 9 6 2 7
3 0 6 PA=P*GA -
3 0 7 î"'ü 41 1 = 1 , 1 1
3 1 0 41 T L U ( T ) = o , U
3 1 2 7 K={ G_ I üO
3 1 3 T F ( I k ) 1 0 1 , 4 2 , 5 0
3 1 4 l " 1 " 0 = 1 , 1
3 1 5 - Ki NT 1 5 2 , N G j l K '
3 1 6 GÛ rn 1 0 0
3 1 7 4 2 T r ( I -  l  ) 4 3 ,  4 4 ,  44
3 2 0 4 3 T 5 5 ( 7 1 ) 3 0 ( 1 )
3 2 1 OU TO 65
3 2 2 4 4 4 % = - ( 2 , 0 * P A * X l ) / f l , + X l )
3 2 3 " K = ( 2 , * P A ) + X 1
3 2 4 0 ( I 1 ) = ( X 1 * T $ ( 1 1 ) ) + ( ( 2 , * P A ) / ( 1 , + X 1 ) )
3 2 5 î F ( 1 ^ ^ 2 ) 4 5 ^ 4 6 , 4 6
3 2 6 4 5 T S $ ( 7  1 ) = ( L ( I 1 ) " ( A K * 1 S 5 ( I R ) ) ) / S R
3 2 7 6 j  65
3 3 0 4 6 4 7  7 = 2 , TR
3 3 1 5 ' l ALLd( l )  = ( - 9 4 / 2 , 0 ) / ( l , + P A + ( ( P f / 2 , ) * $ Û A L L 3 ( l - l ) ) )
3 3 2 ^ ( I ) = ( ( p A / 2 , ) v | $ ( l - l ) ) + ( ( l , - r ^ ) * r 5 ( l ) ) + ( ( P A / ; , ) * T S ( 1 + 1 )
3 3 3 4 / " ( I ) = ( ü ( 7 ) + ( ( P A / ? , ) * G ( I - J > ) ) / ( l , + P A + ( ( P A / 2 . ) * 5 FALLa ( T-1
3 3 5 4 -i ( I l ) = ( J ( I l ) - ( A k * j ( l R ) ) ) / ( C R » ( A R * 5  : ALLP( TK) ) 1
3 3 6 T S S ( T 1 ) = ; ( I 1 )
3 3 7 nu 40  KN=1, 1W
3 4 0 I a I 1 p" K ' 1
3 4 1 4 9 T S S ( T ) = 7 ( I ) ^ s u A L L a ( l ) * T S S ( 7 t 1 )
3 4 3 r u  rr 65
3 4 4 F \.) I F ( I ^ - I ) 1 0 4 , 5 1 , 5 7
3 4 5 l ' ' 4 "' i ; = 2 , 2
3 4 6 PRI j T l 0 2 , N G , i K
3 4 7 OJ I j n
3 5 0 51 A .7 “■'11 5 — P A
3 5 1 : R ^ l c l , + ( 2 . * 5 A )
3 5 2 r M j 3 p. p A
T 12 89
UKAMWA,6 9 0 4 4 9 , l , C R 7 Ô i , f M N Y 3 ,  FrRTWAu snURCE LI ST T0NY3
.iS fj__________ S^URÇk S TAT E M E N T _____________________________________
3 5  3 ______ A R = . ( 2 , * P A * X ] ) / ( 1 , + X 1 )
3 5 4  ^ K = ( ? , * P A ) + l , " X O + X l
3 5  5 ______  . _ ^ ( I R ) = T S ( ! K )  ..... ....................................
3 5 6  n ( i i ) = ( ( 2 . * P A ) / ( l , + X l ) ) + l , - X ' + X l
__35J___________ L L L L iL r_ U _ m 5 ^ ,j^ 2 _ __________________________________________
3 6 0  1 0 5  O G = i , ü
. 2 6 1 ________  PRINT 1 0 6 , G G A l %________________
3 6 2  GÜ TT 100
3 6 3  52  ï F ( i n m ^ ) i ù 7 , 5 3 , 5 4
3 6 4  1 0 7  0 0 = 2 . 0
_ 2 M __________________________ GQ,,LR_____________________________________________________________
3 6 6  GU TO 100
. 3 6 7 _____^ 3 . _ S t A L L 3 T T T ) = C V I / ( 9 %M j _ ( A K M I & S ^ A L L h ( T R - l ) ) )
3 7 0  0 ( l R 1 = ( D ( I K ) - ( A R M I * a ( I P - l ) ) ) / ( i R ' I - ( A R M i * 5 M A L L B ( I R - l ) ) )
3 7 1  _  OQ TO 4 8 _____
3 7 2  54  1X^ = 1 1 - 2
_ 1 7 3 _____55  _.nU 5f _______________________________________________________________
3 7 4  S U A L L ô ( I ) = ( - P A / 2 . 0 ) / ( i , + P A + ( ( P A / 2 . ) * 5 M A L L Ü < I - l ) ) )
. 2 7 5 ___________ ^ l I ) ; T ( P A / 2 , I A T 5 f l " l ) )  + ( ( l ± - 0 A ) * T 5 ( I ) )  + ( ( P A / ? , ) * T S ( I  + l ) )
3 7 6  5 6  0 ( I ) c ( n ( T ) + ( ( P A / 2 , ) * 0 ( i _ i ) ) ) / ( i , + p A + ( ( P A / 2 , )*%! ALLE( T - l ) ) )
, 4 0 0  __ _ 0 Q  yn 53  _ _   ; _
4 0 Ï  57  I F ( 1 ^ ^ 2 ) 1 0 5 , 5 6 , 6 3
4 0 2  106  '.'G = 3 . 3 _____________________________: _______________________ _ ______ ______
4 0 3  PRINT 1 0 2 , V G , I K
_ 4 p 4 ^ __________ r u  r n 1 0 0 __________ _____________________ ______________
4 0 5  58  ARM2smPA
_ 4 0 6 _________  \ R H i = - P A * ( ( l ,  + x i ) / ( 2 . - X ü  + X l ) ) _______________
4 0 7  k % M 2 e i , + ( 2 . a P A )
_4_lp___________ Aü = ^ f 2 , * P A * X l ) / ( ] , + X Ï ) __________________ ______  ___
4 1 1  " R " U _ ( ( 2 , * P A ) * [ ( t , + x i ) / ( 2 , - x n + / l ) ) ) + i .
. _412_ _ _ n K = ( 2 , * P _ A m ( 2 , - X 0  + x i _ ) _ _____ _______
4 Ï 3  rUZsARMZ
4 1 4 _ _  Chl aAAMi  _ _  _ _
4 1 5  0 ( I i ) = ( 2 , m X u + X Î ) + ( ( 2 , * P A ) / ( i , + X l ) )
_ 4 1 6 ___________0 ( I W ) = 1 . __________________________ ;_________________________________
4 1 7  T K 2 a ? l - 2
4 2 0 _  _ P ( I K ? ) = T S ( I K 2 ) _ _ _  _
421 '' TF(m-2)'l09',5'3",59...................... ..
4 2 2  _ 1 0 9  OG= 4 . 0
4 2 3  PRINT l Q 6 , G G , i K
4:^4_________________________________________________________  ______
425 9 f p- ( I K - 3  ) 1 1 2 , 6 0 , 6 1
426 112 OG=4,o
4 2 7 "  PKlN? 106,00,1%
4 3 0  GU ro l uO
431 " ^0 SNALLÜ(fK2)=CN2/(ü%l2-(ARN2*nNALLG(lK2-l)))
4 3 2  _____ n ( j K ? ) = ( n j I K 2 ) " ( A K M ^ * ü ( l K 2 m l ) ) ) / ( 3 P n ? ~ ( A P N 2 * S M A L L A ( I K 2 - l ) )
"433" GÛ "| r 5 j'
434 _ '1 IRlaTl-3
435 " " IcZ/lKl
4 3 6  c n A L L Ü ( I ) = ( - F A / 2 , 0 ) / ( l , + P A + ( ( k A / r , ) * S M A L L Ü ( I " l ) ) )
437 (I)=((p:/2,)vIS(I- l ) j+((l,-Pn)*T5(!))+((PA/2.)*TS(I+1)) 
440 pZ__j(I) = LP([)+NLrfV?,J*TJI-])))/Ll,\R^+((PA/2,)*sn ALL%(T-l)))
4 4 2  Gy yr 60
443 "^I=rsi/p,
T 1289
69^ 4 4 9 , Î ' C F 7 0 1 : TUUY3,  FORTRAN SOURCE LI ^T TCNY3
SN . SOURç r STATEMENT____________________________________________
44 P = P/?
4 5  ; \ = A K / Z ,
4 6  GO Tn 64
4 7  65  111  1 = 1 2 , NI
50 _ 1 ] 1 TS^_l I )=Ü.O__________________________________ _____
52  ; F f r R , E ù , l ) G O  TU 6%1
55 T r ( I " " ^ 4 ) 4 l f , 4 1 7 ,4 1 3
56 417 < I C p i = - ( ( 2 . 5 - X l ) * T L Ü ( i 2 j ) + ( ( 4 \ - ( ? ; * x i ) ) * T L 0 ( T 3 ) f - ( ( l , 5 - X l > * T i
1 4- 1)1
^ 7  4 1 8 '  IF ( 1 ^ - 2  ) 4 2 1 , 4 2 0 , 4 2 0 '
6  0 ___ 4 ^ y____S 1 0 p c c ( ( 0 , 5  + X l ) 4 T S S ( I R " l ) ) - ( ( 2 ,  + ( 2 , * X l ) ) * T S S ( IP 1 )  + ( ( 3 .  + ( ? , * x U
Z S S ( l î ) )
61  4 2 1  _ T r ( X I , L E , 0 , 2 5 ) 0 0  TO 6 6
6 4  GJ TO 79
'65 TF(IR-,N2)425,42 5 ,4 2 6
66 ^25 ' S i G L = ( r ( 2 l - x l ) 7 T T ; ~ x T y ) » T L n ( T 2 ) r - ( T r i : - X l ) / ( 2 , - X l ) ) * T L n ( I 3 ) ) - ( ( 3 ,
__________ 4 m f 2 , * / i ) ) / ( ( l , - X l ) * ( 2 , » X l ) ) ) ___________________       _
6 7  4 2 6  l F ( I k , E y , 0 ) G n  Tu 6W
' 72 GJ TO 69
7 3  ' l u  l 2  = 8 T G F S S M' R ^ ' N r ^ ( ' ( ' ( 4 , C * A H ) * ( T ; ô . . ÿ s y f ' U ^  )
+74 ' Gü rn 9 0  _  _ _  _ _ _  _
F75 6 9 T'F ( IR , E 0 , 1 ) 0 1 1 ' Te r  7 0  '" " ' '
&00 GU rn 71
) 0 1  7 0  S 2 = ü f G P S S + ( P % A H ) % ( ( A M * ( ( l , 0 - T S S ( l ) ) / ( ! . + y i ) ) ) T ( & J * S I G L ) )
) 0 2  GO TO 9 0
:̂Ô3 7 1 '  r 'Ê T lr,'ü :'lN 4yfT û  ) n ' 7 2 '  " "
>06 GO rn 73
07 72 r2*STGESS+(P*6H)*((4k*SIGPS)m(Aj*$IGL))
5^0 GO TO 90
f r i  7 3  T P ( 1 P , E 0 , N 2 ) G U  TO 74
i ^ 4 _  rryTU 75
r m  74 s2=mGrss+rmrAH7[*T(Â'M*srôp r f c u f 0 1 7 - 1 . r / ( 2 , - x D ))>
516 ' GU r r  90
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